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Abstract. In our previous work [15] “On the Farey Series and the Riemann Hypoth-
esis”, we have shown that the uniform distribution of the Farey series with the denominators
in an arithmetic progression is deeply connected with the Generalized Riemann Hypothesis
for the Dirichlet L-functions. In the present article, we shall give a more precise study on
it as an application of an analytic study of a generalization of Hecke’s zeta function which
has its origin in the theory of the Diophantine approximation. We shall see some singular
phenomenon at the rational points which cannot be seen for the Farey series without any
restriction on the denominators (cf. Theorem 5 and Example in the section 4 below).
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§1. Introduction
It is one of the fundamental problems in the theory of the Diophantine approximation
to study the distibution of the oscillating quantity
{αn} − 1
2
for a positive irrational number α, where {x} is the fractional part of a real number x. It is a
classical result of Hardy-Littlewood [17] and Ostrowski [43] that for a quadratic irrational
α, ∑
n≤X
(
{αn} − 1
2
)
= O(logX) .
To get an asymptotic formula for this sum in such a form as∑
n≤X
(
{αn} − 1
2
)
∼ C logX (as X → ∞)
is of great interest, where C is some constant which may depend on a quadratic irrational
α (cf. Lang [35] and also Lemmas 2, 2’ and 2" in the section 7 below for a more general α
and also Schoissengeier [46] [47] for another type of expression). The generating function
of this quantity is Hecke’s zeta function Zα(s) defined for (s) > 1 by
Zα(s) =
∞∑
n=1
{αn} − 12
ns
(cf. Hecke [21]) .
It is also one of the fundamental problems in the theory of the distribution of the prime
numbers to study the distibution of the oscillating quantity
μ(n) ,
where μ(n) is the Möbius function defined by
μ(n) =
⎧⎪⎨
⎪⎩
1 if n = 1
(−1)r if n is a product of r(≥ 1) different prime numbers
0 otherwise .
It is well-known that ∑
n≤X
μ(n) = O(Xe−C
√
logX)
with some positive absolute constant C. This is further refined to the estimate∑
n≤X
μ(n) = O(Xe−C(logX)
3
5 (log logX)−
1
5
)
with some positive absolute constant C (cf. Theorem 12.7 on p. 309 of Ivic [23] and also
the section 9-2 below). The generating function of the Möbius function is
1
ζ(s)
,
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where ζ(s) is the Riemann zeta function defined for (s) > 1 by
ζ(s) =
∞∑
n=1
1
ns
=
∏
p
(1 − p−s )−1 ,
p running over the prime numbers. It is also well-kown after Littlewood that the Riemann
Hypothesis is equivalent to the statement that∑
n≤X
μ(n) = O(X 12 +ε)
for any ε > 0. Here we recall that for any integer n ≥ 1, we have
μ(n) =
n∑
a=1
(a,n)=1
e2π
√−1 an .
Hence, the Riemann Hypothesis is equivalent to the statement that
∑
n≤X
n∑
a=1
(a,n)=1
e2π
√−1 a
n = O(X 12 +ε)
for any positive ε. Thus the Riemann Hypothesis is the statement concerning the distribu-
tion of the reduced fractions with the denominators smaller than a given number, namely,
the Farey series of the order less than a given number (cf. p. 167 of Landau [33]). It suggests
that the Farey series is uniformly distributed.
This can be seen more clearly as follows. We start with the definition of the Farey
series of the order Q, where Q is an integer ≥ 1. The ascending sequence FQ of the
fractions
0 < f1 < f2 < f3 < · · · < fA(Q)−1 < fA(Q) = 1
for which
fi = ai
qi
,
(ai, qi) = 1 and 1 ≤ ai ≤ qi ≤ Q is called the Farey series of the order Q, where we put
A(Q) =
∑
n≤Q
ϕ(n)
with the Euler function ϕ(n). It is well known that
A(Q) = 3
π2
Q2 + O(Q logQ) (cf. p. 268 of Hardy-Wright [18]) .
And that the remainder term is further refined as
A(Q) = 3
π2
Q2 + O(Q(logQ) 23 (log logQ) 43 ) (cf. Walfisz [52]) .
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One might expect that
fj ∼ j
A(Q)
and
fj − j
A(Q)
is small for most of 1 ≤ j ≤ A(Q). In fact, Franel [7] and Landau [32] [33] [34] showed
that the Riemann Hypothesis is equivalent to the statement that
A(Q)∑
j=1
∣∣∣∣ jA(Q) − fj
∣∣∣∣
2
	 Q−1+ε
for any positive ε. The number variance can be written as
A(Q)∑
j=1
∣∣∣∣ jA(Q) − fj
∣∣∣∣
2
= 1
A(Q)2
A(Q)∑
j=1
∣∣∣∣ ∑
fi= aiqi ≤fj
fi∈FQ
1 − fj
∑
fi= aiqi ≤1
fi∈FQ
1
∣∣∣∣
2
.
Hence, on average, we must have∑
fi= aiqi ≤fj
fi∈FQ
1 − fjA(Q) = O(Q 12 +ε)
for any ε > 0. Generally, in 0 ≤ α ≤ 1, we must have, on average,
A(Q)∑
i=1,fi∈FQ
fi≤α
1 − α · A(Q) = O(Q 12 +ε)
for any ε > 0, since Franel [7] showed that the Riemann Hypothesis is equivalent to the
statement that ∫ 1
0
∣∣∣∣
A(Q)∑
i=1,fi∈FQ
fi≤α
1 − α · A(Q)
∣∣∣∣
2
dα 	 Q1+ε
for any ε. This suggests strongly the uniform distribution of the Farey series FQ.
Thus it is important and interesting to study the uniform distribution of the Farey se-
ries. Moreover, we understand that to study the uniform distribution of the Farey series is
exactly to study the distribution of the convolution of the two oscillating quantities, men-
tioned just above,
{αn} − 1
2
and μ(n) .
This will be recalled in the next section. Thus our problem is reduced to evaluate the sum∑
dm≤X
μ(d)
(
{αm} − 1
2
)
.
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The generating function is
1
ζ(s)
Zα(s) .
The purpose of the present article is to continue and extend our studies on∑
dm≤X
μ(d)
(
{αm} − 1
2
)
given in Fujii [9], [11], [14] and [15]. In our previous work “On the Farey Series and the
Riemann Hypothesis”, we [15] have extended Franel [7] and Landau [32] [34] and have
seen, among others, that there is an intimate relation between the average behavior of the
distribution of the Farey series with the denominators in a given arithmetic progression and
the Generalized Riemann Hypothesis for the Dirichlet L-functions (cf. (vii) in the section 3
below). In this article, we are mainly interested in the evaluation of the above sum for each
fixed α. It is well-known (cf. Niederreiter [42] and the section 2 below) that for all α in
0 < α ≤ 1
1
X
∑
dm≤X
μ(d)
(
{αm} − 1
2
)
= O(1) (as X → ∞) .
Here we shall try to get a more precise information which depends on α concerning this
inequality. Moreover, our main purpose is to get a more precise study on a more general
sum
1
X
∑
dm≤X
dm≡b (mod a)
μ(d)
(
{αm} − 1
2
)
,
where a and b are given positive integers. We shall see below that a generalization Zα(s, χ)
of Hecke’s zeta function Zα(s) plays an important role in this investigation, where χ is a
Dirichlet character and Zα(s, χ) is defined for (s) > 1 by
Zα(s, χ) =
∞∑
n=1
{αn} − 12
ns
χ(n) .
We notice that the subsequent sections 2 and 3 are expository, although it is not our
purpose to give a more comprehensive exposition on this subject. We shall give the details
of the proofs as much as possible.
As usual, s = σ + √−1t denotes a complex number with real numbers σ and t . C
denotes always some positive absolute constant. We put d(n) = ∑k|n 1. We denote the
principal character mod q(≥ 1) by χo,q .
Finally, the author thanks Professors Cem Yildirim and Alberto Perelli for providing
him some references. On this occasion, the author wishes to express his thanks to them and
also to Professors Pat Gallagher, Dorian Goldfeld, Haseo Ki and Carlo Viola for their kind
hospitalities and stimulating discussions during my visits to their universities in 2007.
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§2. Uniform distribution of the Farey series—Statement of Theorems 1 and 2
It has been noticed by several authors that the Farey series is uniformly distributed
mod one as Q → ∞ (cf. pp. 50–51 of Erdös-Kac-Kampen-Wintner [6], Neville [41], pp.
93–94 of Polya-Szegö [44], p. 136 of Kuipers-Niederreiter [31] and Theorem 1 in Mikolas
[37]). This can be seen as follows. Since, for any 0 ≤ α ≤ 1,
A(Q)∑
i=1,fi∈FQ
fi≤α
1 =
∑
n≤Q
∑
h≤αn
(h,n)=1
1 =
∑
n≤Q
∑
h≤αn
∑
d |(h,n)
μ(d)
=
∑
n≤Q
∑
d |n
μ(d)
∑
h≤αn,d |h
1 =
∑
dm≤Q
μ(d)
∑
h≤αm
1 =
∑
dm≤Q
μ(d)[αm]
= α
∑
dm≤Q
μ(d)m −
∑
dm≤Q
μ(d)
(
{αm} − 1
2
)
− 1
2
∑
dm≤Q
μ(d)
= αA(Q) −
∑
dm≤Q
μ(d)
(
{αm} − 1
2
)
− 1
2
,
the remainder term of the unifrom distribution of the Farey series is equal to
A(Q)∑
i=1,fi∈FQ
fi≤α
1 − α · A(Q) = −
∑
dm≤Q
μ(d)
(
{αm} − 1
2
)
− 1
2
.
Trivially, the right hand side is bounded by∑
dm≤Q
1 =
∑
n≤Q
d(n) .
It is well-known (cf. p. 313 of Titchmarsh [51]) that the last sum is bounded by
Q log Q.
Consequently, for any 0 ≤ α ≤ 1, we have
1
A(Q)
A(Q)∑
i=1,fi∈FQ fi≤α
1 − α = O
(
logQ
Q
)
→ 0 as Q → ∞ .
This imples the uniform distribution of the Farey series FQ.
We can see this in another way as follows. The Weyl’s sum for the uniform distribution
of the Farey series is equal to
A(Q)∑
i=1
fi∈FQ
e2π
√−1mfi =
∑
q≤Q
cq(m) ,
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where m is an integer ( = 0) and cq(m) is the Ramanujan sum defined by
cq(m) =
q∑
a=1
(a,q)=1
e
2π
√−1 amq .
Since
cq(m) =
∑
d |m,d |q
dμ
(
q
d
)
,
we see that the generating function for the Weyl’s sum is(∑
d |m
1
ds−1
)
· 1
ζ(s)
.
Thus we get, using the prime number theorem,
A(Q)∑
i=1
fi∈FQ
e2π
√−1mfi =
∑
d |m
d
∑
n≤Qd
μ(n) = O(Qe−C
√
logQ)
with some positive constant C. Hence, by the Weyl criterion (cf. Weyl [53]), we get another
proof of the uniform distribution mod one of the Farey series.
The estimate of the remainder term of the uniform distribution of FQ has been refined
further by Niederreiter [42]. He has shown, using the prime number theorem, that∣∣∣∣ ∑
dm≤Q
μ(d)
(
{αm} − 1
2
)∣∣∣∣ ≤ ∑
m≤Q
∣∣∣∣ ∑
d≤Qm
μ(d)
∣∣∣∣ 	 ∑
m≤Q
Q
m
e
−C
√
log Qm 	 Q
and that for any 0 ≤ α ≤ 1,
A(Q)∑
i=1,fi∈FQ
fi≤α
1 − α · A(Q) = O(Q) .
As a result, he obtained
C1
1
Q
≤ DQ(FQ) ≤ C2 1
Q
with some positive constants C1 and C2, where DQ(FQ) is the discrepancy of the uniform
distribution of the Farey series defined by
DQ(FQ) ≡ 1
A(Q)
sup
0≤α≤1
∣∣∣∣
A(Q)∑
i=1,fi∈FQ
fi≤α
1 − α · A(Q)
∣∣∣∣ .
Dress [4] has refined Niederreiter’s result further and shown a decisive result
DQ(FQ) = 1
Q
.
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As we have mentioned in the introduction, we must have, on average,
A(Q)∑
i=1,fi∈FQ
fi≤α
1 − α · A(Q) = O(Q 12 +ε)
for any ε > 0. Thus we need a more precise study on
A(Q)∑
i=1,fi∈FQ
fi≤α
1 − α · A(Q) ,
namely, on ∑
dm≤Q
μ(d)
(
{αm} − 1
2
)
.
From the proofs of the upper bounds of this sum described above, we see that it is inevitable
not to ignore the effect of the appearance
{αm} − 1
2
.
Since the generating function is
1
ζ(s)
Zα(s) ,
an analytic study of Zα(s) must play an essential role. The importance of Hecke’s zeta
function Zα(s) in the present context has been noticed in Fujii [9][11] and will also be
extended below.
Before proceeding further, we may mention some arithmetic consequence of some
analytic studies of Zα(s). When D(≥ 1) is square free, ≡ 2 or 3 (mod 4) and α =
√
D
or 1√
D
, Hecke [21] gave a proof of the meromorphic continuation of Zα(s) to the whole
complex plane and showed that for any positive ε,∑
n≤X
(
{αn} − 1
2
)
log2
X
n
= A1 log3 X + A2 log2 X + A3 logX
+
∞∑
m=−∞
CmX
2πim
log ηD + O(X−1+ε) ,
where A1, A2, A3 and Cm are some constants, Cm = O(|m|−2+ε) for m = 0 and ηD is the
fundamental unit of the number field Q(√D) or the square of it. Extending Hecke [21],
Fujii [10] [11] has refined this result for the same α as follows. For any positive ε, we have∑
n≤X
(
{αn} − 1
2
)
log
X
n
= 1
2
G1(α) log2 X + G2(α) log X
+
∞∑
m=−∞
C′mX
2πim
log ηD + O(X− 13 +ε) ,
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where G1(α) and G2(α) are the Laurent coefficients in
∞∑
n=1
{αn} − 12
ns
= G1(α)1
s
+ G2(α) + · · · ,
C′m = O(|m|−
4
3 +ε) for m = 0 and ηD is the same as above.
Now, to state our results on our present problem, we recall a notion in the theory of the
Diophantine approximation. Let ψ be a non-decreasing positive function defined at least
for positive integers. An irrational number α(> 0) is said to be of type < ψ (Cf. p. 121 of
Kuipers and Niederreiter [31]), if
q‖qα‖ ≥ 1
ψ(q)
for all integers q ≥ 1 ,
where we put ‖x‖ = min({x}, 1 − {x}). It is well-known (cf. 3.5 on p. 130 of Kuipers
and Niederreiter [31]) that for any ε1 > 0, almost all α are of type < C(α) log1+ε1(2y),
where C(α) is a positive constant that may depend on α. It is also well-known that for any
algebraic irrational α, we can take
ψ(y) = C(ε)yε
for any ε > 0 with some positive constant C(ε). The last result is a consequence of Thue-
Siegel-Roth theorem (cf. p. 124 of Kuipers and Niederreiter [31]).
We now mention the following results which refine Niederreiter’s result for almost all
real α including all algebraic irrational α and also for all rational α .
(i). THEOREM 1. Let Q > Qo. Let α (0 ≤ α ≤ 1) be irrational of type < ψ ,
where ψ is a non-decreasing positive function defined at least for positive integers. Suppose
further that
ψ(t) 	 tνo with 0 ≤ νo < 1 .
Then we have
A(Q)∑
i=1,fi∈FQ
fi≤α
1 − α · A(Q) = O(Q · e−C(logQ·log logQ)
1
3
) .
Since almost all irrational numbers including all algebraic irrational numbers satisfy
the assumption of Theorem 1, we get the following.
COROLLARY 1. Let Q > Qo. For almost all irrational α (including all algebraic
irrational α) in 0 ≤ α ≤ 1, we have
A(Q)∑
i=1,fi∈FQ
fi≤α
1 − α · A(Q) = O(Q · e−C(logQ·log logQ)
1
3
) .
This is a corrected version of Corollary on p. 329 of Fujii [9]. In stead of de La Vallee
Poussin’s zero free region of the Riemann zeta function, we need to use Vinogradov’s zero
free region. A proof of Theorem 1 will be given in the section 9.
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Even for any rational α, we get the same result whose proof will be given also in the
section 9.
(ii). THEOREM 2. Let Q > Qo. For any rational α in α in 0 ≤ α ≤ 1, we have
A(Q)∑
i=1,fi∈FQ
fi≤α
1 − α · A(Q) = O(Q · e−C(logQ·log logQ)
1
3
) .
If we assume the Riemann Hypothesis, then we get a much better remainder term.
Namely, we have the following result which is mentioned in Fujii [11] (cf. Corollary 1 on
p. 248 of [11]).
(iii). Suppose that α (> 0) is an irrational number of type < ψ , where ψ is a non-
decreasing positive function defined at least for positive integers and satisfies ψ(y) 	 yδ
for any δ > 0. Under the Riemann Hypothesis, we have
A(Q)∑
i=1,fi∈FQ
fi≤α
1 − α · A = O(Q 12 +ε) for any ε .
(iii) will be generalized to Theorem 6 in the section 4 and will be proved in the section
10.
We have also an equivalent condition to the Riemann Hypothesis in this context for a
fixed α.
(iv). Suppose that α (> 0) is an irrational number of type < ψ , where ψ is a non-
decreasing positive function defined at least for positive integers and satisfies ψ(y) 	 yδ
for any δ > 0. Suppose further that Zα(s) and ζ(s) have no common zeros in the critical
strip. Then the Riemann Hypothesis is equivalent to the statement that
A(Q)∑
i=1,fi∈FQ
fi≤α
1 − α · A = O(Q 12 +ε) for any ε .
This is mentioned in Corollary 2 on p. 248 of Fujii [11].
§3. The Farey series with the denominators in the arithmetic progression of the form
b + an with 1 ≤ b ≤ a and (a, b) = 1
Let a and b be integers with 1 ≤ b ≤ a. We suppose throughout this section that
(a, b) = 1. We consider the distribution of the Farey series FQ(a, b) whose denominators
are restricted to be in the arithmetic progression
b + an (n = 0, 1, 2, 3, . . . ) .
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Haynes [19][20] considered the Farey series of the odd denominators. In Fujii [15], we
have noticed that
A(Q)∑
i=1,fi= aiqi ∈FQ
fi≤α,qi≡b (mod a)
1 − αA(a, b,Q)
= −
∑
dm≤Q, dm≡b (mod a)
μ(d)
(
{αm} − 1
2
)
− 1
2
δ(b, 1)
	
∑
n≤Q, n≡b (mod a)
d(n) 	
∑
n≤Q
d(n) 	 Q logQ,
where we put
A(a, b,Q) =
A(Q)∑
i=1,fi= aiqi ∈FQ
qi≡b (mod a)
1
and
δ(b, 1) =
{
1 if b ≡ 1 (mod a)
0 otherwise .
Since
A(a, b,Q) = 3
π2
1
a
∏
p|a
(
1 − 1
p2
)Q2 + O(√a log(a + 1) · Q logQ)
(cf. Lemma 1 in the next section), we see that the sequence fi = aiqi (i = 1, 2, 3, . . . ) with
qi ≡ b (mod a) is uniformly distributed, where p runs over the prime numbers. As in the
previous section, this can be seen also by the Weyl criterion as follows.
A(Q)∑
i=1
fi∈FQ,qi≡b (mod a)
e2π
√−1mfi =
∑
q≤Q,q≡b (mod a)
cq(m)
=
∑
q≤Q,q≡b (mod a)
∑
d |m,d |q
dμ
(
q
d
)
=
∑
d |m
d
∑
q≤Q,q≡b (mod a),d |q
μ
(
q
d
)
=
∑
d |m
d
∑
dn≤Q,dn≡b (mod a)
μ(n)
= 1
ϕ(a)
∑
χmod a
χ¯(b)
∑
d |m
dχ(d)
∑
n≤Q
d
μ(n)χ(n) ,
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where m is an integer ( = 0), cq(m) is the Ramanujan sum as in the previous section and χ
runs over all Dirichlet characters mod a. Thus the generating function for this Weyl’s sum
is
1
ϕ(a)
∑
χmod a
χ¯(b)
(∑
d |m
χ(d)
ds−1
)
· 1
L(s, χ)
,
where L(s, χ) is the Dirichlet L-function with a Dirichlet character χ mod a defined by
L(s, χ) =
∞∑
n=1
χ(n)
ns
.
Hence, if
a 	
(
log
Q
m
)A
,
we get
A(Q)∑
i=1
fi∈FQ, qi≡b (mod a)
e2π
√−1mfi 	
∣∣∣∣∑
d |m
dχ(d)
∣∣∣∣Qd e−C
√
log Qd
	Qe−C
√
log Q
m d(m) ,
where A is a given positive number and we have used 8 on p. 384 of Montgomery and
Vaughan [40] (cf. also (5.80) on p. 124 of Iwaniec-Kowalski [24]). The Weyl criterion
implies the uniform distribution mod one of the sequence FQ(a, b).
More recently, an analogue of Niederreiter’s result on the discrepancy estimate was
given by Alkan-Ledoan-Vajaitu-Zaharescu [1] (cf. Theorem 1.1 on p. 18 of [1]). They have
shown that
C3
1
Q
≤ DQ(FQ(a, b)) ≤ C4 1
Q
,
where C3 and C4 are some positive constants and DQ(FQ(a, b)) denotes the discrepancy
defined by
DQ(FQ(a, b)) = 1
A(a, b,Q)
sup
0≤α≤1
∣∣∣∣
A(Q)∑
i=1,fi= aiqi ∈FQ
fi≤α,qi≡b (mod a)
1 − αA(a, b,Q)
∣∣∣∣ .
In fact, their results are more general, although they have assumed that (a, b) = 1. They
have consideredB-free numbers in the arithmetic progressions (cf. p. 181 of Alkan-Ledoan-
Vajaitu-Zaharescu [1]).
As in the section 2, the average behavior of the remainder term
−
∑
dm≤Q, dm≡b (mod a)
μ(d)
(
{αm} − 1
2
)
is deeply connected with the Generalized Riemann Hypothesis. In fact, we have shown in
Fujii [15] the following results.
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(v). Let a be an integer ≥ 1. Let Q be an integer ≥ 1. Then the Generalized
Riemann Hypothesis for all Dirichlet L-function L(s, χ) with a Dirichlet character χ mod
a is equivalent to the statement that∫ 1
0
∣∣∣∣ ∑
dm≤Q, dm≡b (mod a)
μ(d)
(
{αm} − 1
2
)∣∣∣∣
2
	 Q1+ε
holds for all integer b in 1 ≤ b ≤ a satisfying (a, b) = 1 and for any positive ε, where the
constant involved in 	 may depend on ε, a and b.
(vi). Let a be an integer ≥ 1. Let Q be an integer ≥ 1. Then the Generalized
Riemann Hypothesis for all Dirichlet L-function L(s, χ) with a Dirichlet character χ mod
a is equivalent to the statement that
A(Q)∑
j=1
fj∈FQ
|
∑
dm≤Q
dm≡b (mod a)
μ(d)
(
{fjm} − 12
)∣∣∣∣
2
	 Q3+ε
holds for all integer b in 1 ≤ b ≤ a satisfying (a, b) = 1 and for any positive ε, where the
constant involved in 	 may depend on ε, a and b.
Since
−
∑
dm≤Q
dm≡b (mod a)
μ(d)
(
{fjm} − 12
)
=
j∑
i=1,fi= aiqi ∈FQ,qi≡b (mod a)
1 − fj
A(Q)∑
i=1,fi= aiqi ∈FQ,qi≡b (mod a)
1 + 1
2
δ(b, 1) ,
we get the following restatement of (vi), which corresponds to Franel’s theorem for the
Riemann zeta function if we set a = 1.
(vii). Let a be an integer ≥ 1. Let Q be an integer ≥ 1. Then the Generalized
Riemann Hypothesis for all Dirichlet L-function L(s, χ) with a Dirichlet character χ mod
a is equivalent to the statement that
A(Q)∑
j=1
fj∈FQ
∣∣∣∣
∑j
i=1,fi= aiqi ∈FQ,qi≡b (mod a)
1
∑A(Q)
i=1,fi= aiqi ∈FQ,qi≡b (mod a)
1
− fj
∣∣∣∣
2
	 Q−1+ε
holds for all integer b in 1 ≤ b ≤ a satisfying (a, b) = 1 and for any positive ε, where the
constant involved in 	 may depend on ε, a and b.
(vii) can be seen to be equivalent to Huxley’s result in [22] which states that the Gen-
eralized Riemann Hypothesis for a Dirichlet L-function L(s, χ) with a Dirichlet character
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χ mod a ≥ 1 is equivalent to the statement that
A∑
j=1
fj∈FQ
∣∣∣∣ ∑
fi= aiqi ≤fj
fi∈FQ
χ(qi) − fj
∑
fi= aiqi ≤1
fi∈FQ
χ(qi)
∣∣∣∣
2
	 Q3+ε
for any positive ε.
We may notice that we have shown more general results in [15]. We have considered,
for example, the following sum ∑
dm≤Q
μ(d)BK({αm})b(m) ,
where K is an integer ≥ 1, BK(x) is the K-th Bernoulli polynomial and b(n) is a given
sequence of complex numbers satisfying b(1) = 0 and b(n) 	 1 for any integer n ≥ 1.
§4. The Farey series with the denominators in the arithmetic progression of the form
b+ an with 1 ≤ b ≤ a —Statement Lemma 1 and of Theorems 3, 4, 5, 6, 7, 8 and
9
In the previous section, we have supposed that (a, b) = 1. It is no longer natural to
restrict the case (a, b) = 1. In the rest of this article, except some examples in the section
11, we shall assume only that 1 ≤ b ≤ a.
Weyl sum estimate which has been given in the previous section can be genralized to
the present case as follows. We denote the greatest common divisor (a, b) of a and b by c.
For any integer m( = 0), we have
A(Q)∑
i=1
fi∈FQ,qi≡b (mod a)
e2π
√−1mfi =
∑
d |m
d
∑
dn≤Q,dn≡b (mod a)
μ(n)
=
∑
δ|c
∑
d |m,(d,c)=δ
d
∑
n≤Qd ,dn≡c bc (mod c ac )
μ(n)
=
∑
δ|c
∑
d |m,(d,c)=δ
d
∑
c
δ n
′≤Qd , dδ n′≡ bc (mod ac )
μ
(
c
δ
n′
)
=
∑
δ|c
μ(
c
δ
)
∑
d |m,(d,c)=δ
d
∑
n′≤Q
d
δ
c
, d
δ
n′≡ b
c
(mod a
c
)
μ(n′)χo, c
δ
(n′) .
Hence, we get
A(Q)∑
i=1
fi∈FQ,qi≡b (mod a)
e2π
√−1mfi = 1
ϕ
(
a
c
) ∑
χmod ac
χ¯(
b
c
)
∑
δ|c
μ
(
c
δ
)
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·
∑
d |m,(d,c)=δ
dχ
(
d
δ
) ∑
n′≤Q
d
δ
c
μ(n′)χo, c
δ
(n′)χ(n′) ,
where χ runs over all Dirichlet character mod a
c
. Thus for each m = 0 if
a 	
(
log
Q
mc
)A
,
then we have, as in the section 3,
A(Q)∑
i=1
fi∈FQ,qi≡b (mod a)
e2π
√−1mfi 	
(∑
δ|c
1
δ
)
d(m)Qe
−C
√
log Q
m ,
where A is a given positive number.
We should notice here the following asymptotic formula for A(a, b,Q).
LEMMA 1. Suppose that Q > Qo. For any positive integers a and b with 1 ≤ b ≤
a, we have
A(a, b,Q) ≡
∑
n≤Q,n≡b (mod a)
ϕ(n)
= 3
π2
1
aΨ (a)
ϕ(c)
c
Q2 + O
(√
a
c
log
(
a
c
+ 1
)
·
(∑
δ|c
1
δ
)
· Q logQ
)
,
where we put c = (a, b) and
Ψ (a) =
∏
p|a
(
1 − 1
p2
)
,
p running over the prime numbers.
Consequently, we get for each m = 0
A(Q)∑
i=1
fi∈FQ,qi≡b (mod a)
e2π
√−1mfi = o(A(a, b,Q)) .
This implies that for any a and b with 1 ≤ b ≤ a, FQ(a, b) is uniformly distributed mod
one.
Lemma 1 should be compared with Koksma’s result in [29] (cf. also Shapiro [48])
which states that∑
m≤N
ϕ(am + b)
am + b = N
6
π2
1
Ψ (a)
ϕ(c)
c
+ θ(1 + 2c + log(aN + b))
with c = (a, b) and | θ |≤ 1.
We shall give a proof of Lemma 1 in the next section. As in the previous section, we
can give a direct proof of the uniform distribution mod one of the Farey series FQ(a, b). In
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fact, we shall show the following result concerning the discrepancy estimate on the uniform
distribution of the Farey series FQ(a, b) in the section 6 below.
THEOREM 3. Let Q > Qo. Let a and b be integers satisfying 1 ≤ b ≤ a. Then
there exist some positive constants C5 and C6 such that
C5
1
Q
≤ DQ(FQ(a, b)) ≤ C6 1
Q
,
where we put
DQ(FQ(a, b)) = 1
A(a, b,Q)
sup
0≤α≤1
∣∣∣∣
A(Q)∑
i=1,fi= aiqi ∈FQ
fi≤α,qi≡b (mod a)
1 − αA(a, b,Q)
∣∣∣∣ .
As is seen from (v) and (vi) in the previous section, we expect that for fixed a and b,
we have, on average,
A(Q)∑
i=1,fi= aiqi ∈FQ
fi≤α,qi≡b (mod a)
1 − αA(a, b,Q) = O(Q 12 +ε)
for any ε > 0. The left hand side is essentially
−
∑
d≤Q
μ(d)
∑
m≤Qd ,dm≡b (mod a)
(
{αm} − 1
2
)
.
This will be seen, in the section 6, to be equal to
− 1
ϕ
(
a
c
) ∑
δ|c
μ(δ)
∑
χmod a
c
χ¯
(
b
c
) ∑
hj≤Qc
μ(h)(χχo,a)(h)
({
c
δ
jα
}
− 1
2
)
χ(j) .
The generating function of this sum is
− 1
ϕ
(
a
c
) ∑
δ|c
μ(δ)
∑
χmod ac
χ¯(
b
c
)
1
L(s, χχo,a)
Z c
δ α
(s, χ) ,
where, as in the introduction, we put for (s) > 1,
Zα(s, χ) =
∞∑
n=1
{αn} − 12
ns
χ(n) .
Thus to get a finer estimate on the remainder term of the uniform distribution mod one
of FQ(a, b), it is crucial to study the analytic properties of the L-function Zα(s, χ). By
applying some analytic properties of Zα(s, χ) which will be proved in the sections 7 and
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8, we shall give a more precise study on the remainder term
A(Q)∑
i=1,fi= aiqi ∈FQ
fi≤α,qi≡b (mod a)
1 − αA(a, b,Q) .
As a consequence, we shall prove first the following result.
THEOREM 4. Let Q > Qo. Let a and b be integers satisfying 1 ≤ b ≤ a. Let α
(0 ≤ α ≤ 1) be irrational of type < ψ , where ψ is a non-decreasing positive function
defined at least for positive integers. Suppose further that
ψ(t) 	 tνo with 0 ≤ νo < 1 .
Then we have
A(Q)∑
i=1,fi= aiqi ∈FQ
fi≤α,qi≡b (mod a)
1 − αA(a, b,Q) = O(Q · e−C(logQ·log logQ)
1
3
) .
In particular, we get the following.
COROLLARY 2. Let Q > Qo. Let a and b be integers satisfying 1 ≤ b ≤ a. For
almost all irrational α (including all algebraic irrational α) in 0 ≤ α ≤ 1, we have
A(Q)∑
i=1,fi= aiqi ∈FQ
fi≤α,qi≡b (mod a)
1 − αA(a, b,Q) = O(Q · e−C(logQ·log logQ)
1
3
) .
For a rational α, the situation is different from the case for the Farey series FQ. We
can compare the following theorem with Theorem 2 in the section 2.
THEOREM 5. Suppose that Q > Qo. Let a and b be integers satisfying 1 ≤ b ≤ a.
For any rational α in 0 ≤ α ≤ 1, we have
A(Q)∑
i=1,fi= aiqi ∈FQ
fi≤α,qi≡b (mod a)
1 − αA(a, b,Q) = C(α, a, b) · Q + O(Q · e−C(logQ·log logQ)
1
3
) ,
where we put, for α = p
q
with (p, q) = 1,
C(α, a, b) = − 1
cϕ
(
a
c
) ∑
δ|c
μ(δ)
1[q
d
, a
c
] ∑
χmod ac ,χ =χo, ac
χ¯
(
b
c
)
1
L(1, χχo,a)
·
q
d
−1∑
h=0
({ c
δd
p
q/d
h
}
− 1
2
) ac −1∑
j=1
j≡h (mod ( qd , ac ))
χ(j) ,
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χ running over all Dirichlet characters mod a
c
, χo, a
c
and χo,a being the principal characters
mod a
c
and a, respectively, c = (a, b), d = ( c
δ
, q) for δ | c and [ q
d
, a
c
] is the least common
multiple of q
d
and a
c
.
We shall give some examples of the constants C(α, a, b) in the section 11. Here we
notice only the following example.
EXAMPLE. For any reduced fraction 0 < p
q
≤ 1 and for b = 1, 2 and 3, we have
lim
Q→∞
1
Q
( A(Q)∑
i=1,fi= aiqi ∈FQ
fi≤ pq ,qi≡b (mod 3)
1 − p
q
A(3, b,Q)
)
=
⎧⎪⎪⎨
⎪⎪⎩
0 if 3 | q or b = 3
√
3
2πq if 3 | q and bp ≡ 1 (mod 3)
−
√
3
2πq if 3 | q and bp ≡ 2 (mod 3) .
If we assume the Generalized Riemann Hypothesis (G.R.H.), then we get a sharper
remainder term. We shall prove the following result.
THEOREM 6 (On G.R.H.). Let Q > Qo. Let a and b be integers satisfying 1 ≤ b ≤
a. Let α (0 ≤ α ≤ 1) be irrational of type < ψ , where ψ is a non-decreasing positive
function defined at least for positive integers. Suppose further that
ψ(t) 	 tνo with 0 ≤ νo < 12 .
Then we have for any ε > 0
A(Q)∑
i=1,fi= aiqi ∈FQ
fi≤α,qi≡b (mod a)
1 − αA(a, b,Q) = O(Q 12 +νo+ε) .
In particular, we get the following.
COROLLARY 3 (On G.R.H.). Let Q > Qo. Let a and b be integers satisfying 1 ≤
b ≤ a. For almost all irrational α (including all algebraic irrational α) in 0 ≤ α ≤ 1, we
have for any ε > 0
A(Q)∑
i=1,fi= aiqi ∈FQ
fi≤α,qi≡b (mod a)
1 − αA(a, b,Q) = O(Q 12 +ε) .
For a rational α, we shall prove the following.
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THEOREM 7 (On G.R.H.). Let Q > Qo. Let a and b be integers satisfying 1 ≤ b ≤
a. For any rational α in 0 ≤ α ≤ 1, we have for any ε > 0
A(Q)∑
i=1,fi= aiqi ∈FQ
fi≤α,qi≡b (mod a)
1 − αA(a, b,Q) = C(α, a, b) · Q + O(Q 12 +ε) ,
where we put, for α = p
q
with (p, q) = 1,
C(α, a, b) = − 1
cϕ
(
a
c
) ∑
δ|c
μ(δ)
1[ q
d
, a
c
] ∑
χmod a
c
,χ =χo, ac
χ¯
(
b
c
)
1
L
(
1, χχo,a
)
·
q
d −1∑
h=0
({ c
δd
p
q/d
h
}
− 1
2
) ac −1∑
j=1
j≡h (mod ( q
d
, a
c
))
χ(j) ,
χ running over all Dirichlet characters mod a
c
, χo, ac
and χo,a being the principal characters
mod a
c
and a, respectively, c = (a, b), d = ( c
δ
, q) for δ | c and [ q
d
, a
c
] is the least common
multiple of q
d
and a
c
.
Finally, we shall study the average behavior of the remainder term of the uniform
distribution of the Farey series FQ(a, b) when we fix α and average over Q. We shall
prove the following theorem whose remainder term is better than that of Theorem 4 on
average.
THEOREM 8. Let X > Xo. Let a and b be integers satisfying 1 ≤ b ≤ a. We put
c = (a, b). Let α (0 ≤ α ≤ 1) be irrational of type < ψ , where ψ is a non-decreasing
positive function defined at least for positive integers. Suppose further that
ψ(t) 	 tνo with 0 ≤ νo < 1 .
Then we have
1
cX
∫ cX
1
( A(y)∑
i=1,fi=
ai
qi
∈Fy
fi≤α,qi≡b (mod a)
1 − αA(a, b, y)
)
dy = O(X · e−C(logX) 35 (log logX)− 15 ) ,
where for any y ≥ 1, Fy denotes F[y] and we put
A(a, b, y) =
∑
q≤y,q≡b (moda)
ϕ(q)
and
A(y) =
∑
q≤y
ϕ(q) .
In particular, we get the following.
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COROLLARY 4. Let X > Xo. Let a and b be integers satisfying 1 ≤ b ≤ a. We put
c = (a, b). For almost all irrational α (including all algebraic irrational α) in 0 ≤ α ≤ 1,
we have
1
cX
∫ cX
1
( A(y)∑
i=1,fi= aiqi ∈Fy
fi≤α,qi≡b (mod a)
1 − αA(a, b, y)
)
dy = O(X · e−C(logX) 35 (log logX)− 15 ) .
For a rational α, we have the following.
THEOREM 9. Let X > Xo. Let a and b be integers satisfying 1 ≤ b ≤ a. We put
c = (a, b). For any rational α in 0 ≤ α ≤ 1, we have
1
cX
∫ cX
1
( A(y)∑
i=1,fi= aiqi ∈Fy
fi≤α,qi≡b (mod a)
1 − αA(a, b, y)
)
dy
= C1(α, a, b) · X + O
(
X · e−C(logX)
3
5 (log logX)−
1
5 )
,
where we put, for α = p
q
with (p, q) = 1,
C1(α, a, b) = − 12cϕ(a
c
) ∑
δ|c
μ(δ)
1[ q
d
, a
c
]2 ∑
χmod ac ,χ =χo, ac
χ¯
(
b
c
)
1
L(1, χχo,a)
·
q
d
−1∑
h=0
({ c
δd
p
q/d
h
}
− 1
2
) ac −1∑
j=1
j≡h (mod ( q
d
, ac ))
χ(j) ,
χ running over all Dirichlet characters mod a
c
, χo, a
c
and χo,a being the principal characters
mod a
c
and a, respectively, c = (a, b), d = ( c
δ
, q) for δ | c and [ q
d
, a
c
] is the least common
multiple of q
d
and a
c
.
We shall prove Theorems 4, 5, 6, 7, 8 and 9 in the section 10. Since Theorem 4 is a
generalzation of Theorem 1 and Theorem 5 is a generalization of Theorem 2, we omit some
of the details of the proofs of Theorems 4 and 5.
§5. Proof of Lemma 1
We put c = (a, b) as in the satement of Lemma 1.
A(a, b,Q) =
∑
n≤Q, n≡b (mod a)
ϕ(n) =
∑
n≤Q, n≡b (mod a)
n
∑
d |n
μ(d)
d
=
∑
d≤Q
μ(d)
d
∑
n≤Q, n≡b (mod a),d |n
n
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=
∑
d≤Q
μ(d)
∑
l≤Q
d
,ld≡b (mod a)
l
=
∑
δ|a
∑
d≤Q,(a,d)=δ
μ(d)
∑
l≤Qd ,ld≡b (mod a)
l
=
∑
δ|c
∑
d≤Q,(a,d)=δ
μ(d)
∑
l≤Q
d
,l d
δ
≡ b
δ
(mod a
δ
)
l
=
∑
δ|c
∑
d≤Q,(a,d)=δ
μ(d)
∑
j c
δ
≤Q
d
,j d
δ
≡ b
c
(mod a
c
)
j · c
δ
=
∑
δ|c
c
δ
∑
d≤Q,(a,d)=δ
μ(d)
∑
j≤ Q
d· c
δ
,j d
δ
≡ b
c
(mod a
c
)
j
= 1
ϕ
(
a
c
) ∑
χmod ac
χ¯
(
b
c
)∑
δ|c
c
δ
∑
d≤Q,(a,d)=δ
μ(d)χ
(
d
δ
) ∑
j≤ Q
d· c
δ
jχ(j)
= 1
ϕ
(
a
c
) ∑
δ|c
c
δ
∑
d≤Q,(a,d)=δ
μ(d)
∑
j≤ Q
d· c
δ
,(j, a
c
)=1
j
+ 1
ϕ
(
a
c
) ∑
χmod ac ,χ =χo, ac
χ¯
(
b
c
)∑
δ|c
c
δ
∑
d≤Q,(a,d)=δ
μ(d)χ
(
d
δ
) ∑
j≤ Q
d· c
δ
jχ(j)
= S1 + S2 , say ,
where χ runs over all Dirichlet characters mod a
c
and χo, ac is the principal character mod
a
c
.
We shall evaluate S1 first.
S1 = 1
ϕ
(
a
c
) ∑
δ|c
c
δ
∑
d≤Q,(a,d)=δ
μ(d)
∑
j≤ Q
d· c
δ
j
∑
v|(j, ac )
μ(v)
= 1
ϕ
(
a
c
) ∑
δ|c
c
δ
∑
d≤Q,(a,d)=δ
μ(d)
∑
v| ac
μ(v)
∑
v|j≤ Q
d· c
δ
j
= 1
ϕ
(
a
c
) ∑
δ|c
c
δ
∑
d≤Q,(a,d)=δ
μ(d)
∑
v| a
c
μ(v)v
∑
k≤ Q
d· c
δ
v
k
= 1
ϕ
(
a
c
) ∑
δ|c
c
δ
∑
d≤Q,(a,d)=δ
μ(d)
∑
v| a
c
μ(v)v
1
2
[
Q
d · c
δ
v
]([
Q
d · c
δ
v
]
+ 1
)
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= 1
ϕ
(
a
c
) ∑
δ|c
c
δ
∑
d≤Q,(a,d)=δ
μ(d)
∑
v| ac
μ(v)v
(
1
2
(
Q
d · c
δ
v
)2
+ O
(
Q
d · c
δ
v
))
= 1
2
Q2
ϕ
(
a
c
) ∑
δ|c
1
c
δ
∑
d≤Q,(a,d)=δ
μ(d)
d2
∑
v| ac
μ(v)
v
+ O
(
Q
ϕ
(
a
c
) ∑
δ|c
∑
d≤Q,(a,d)=δ
|μ(d)|
d
∑
v| ac
|μ(v)|
)
= S3 + O(S4) , say .
We notice first that
S4 	 Q
ϕ
(
a
c
)d(a
c
)∑
δ|c
∑
δ|d≤Q
1
d
	 Q logQ
ϕ
(
a
c
) d(a
c
)(∑
δ|c
1
δ
)
.
We notice next that
S3 = 12
Q2
a
∑
δ|c
δ
∑
d≤Q,(a,d)=δ
μ(d)
d2
= 1
2
Q2
a
∑
δ|c
δ
∞∑
d=1,(a,d)=δ
μ(d)
d2
+ O
(
Q2
a
∑
δ|c
δ
∑
d>Q,(a,d)=δ
|μ(d)|
d2
)
= S5 + O(S6) , say ,
where
S6 	Q
2
a
∑
δ|c
1
δ
∑
j>
Q
δ
1
j2
	 d(c)
a
Q .
Using (16) on p. 193 of Koksma [29], we get
S5 = 12
Q2
a
∞∑
d=1,(a,d)|c
μ(d)
d2
(a, d)
= Q2 3
π2
1
aΨ (a)
ϕ(c)
c
,
where Ψ (a) is introduced in the statement of Lemma 1.
Consequently, we get
S1 = Q2 3
π2
1
aΨ (a)
ϕ(c)
c
+ O
(
Q logQ
ϕ
(
a
c
) d(a
c
)(∑
δ|c
1
δ
))
+ O
(
d(c)
a
Q
)
.
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Finally, we shall estimate S2. To treat S2, we may suppose that ac ≥ 3. By the partial
summation, we get ∑
j≤ Q
d· c
δ
jχ(j) 	 Q
d · c
δ
√
a
c
log
a
c
,
where we have used Polya-Vinogradov’s theorem (cf. Theorem 9.18 on p. 307 of Montgo-
mery-Vaughan [40]) which states that for any non-principal character mod a
c
and for y ≥ 1
we have ∑
n≤y
χ(n) 	
√
a
c
log
a
c
.
Hence, we get
S2 	 1
ϕ(a
c
)
∑
χmod a
c
,χ =χo. ac
∑
δ|c
∑
d≤Q,(a,d)=δ
Q
d
√
a
c
log
a
c
	 Q
√
a
c
log a
c
ϕ
(
a
c
) ∑
χmod ac ,χ =χo. ac
∑
δ|c
1
δ
∑
j≤Qδ
1
j
	 Q
√
a
c
log
a
c
(∑
δ|c
1
δ
)
logQ.
Combining all of these estimates, we get
A(a, b,Q) = Q2 3
π2
1
aΨ (a)
ϕ(c)
c
+ O
(√
a
c
log
(
a
c
+ 1
)(∑
δ|c
1
δ
)
Q logQ
)
.
This proves our Lemma 1.
§6. Proof of Theorem 3
Let α be 0 ≤ α ≤ 1. We put c = (a, b). Then we have first
A(Q)∑
i=1,fi= aiqi ∈FQ
fi≤α,qi≡b (mod a)
1 =
∑
q≤Q,q≡b (mod a)
∑
d |q
μ(d)
q∑
k=1,d |k≤qα
1
=
∑
d≤Q
μ(d)
∑
d |q≤Q,q≡b (mod a)
q∑
k=1,d |k≤qα
1
=
∑
d≤Q
μ(d)
∑
dm≤Q,dm≡b (mod a)
∑
dl≤dmα
1
=
∑
d≤Q
μ(d)
∑
m≤Q
d
,dm≡b (mod a)
[αm]
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= α
∑
d≤Q
μ(d)
∑
m≤Q
d
,dm≡b (mod a)
m
−
∑
d≤Q
μ(d)
∑
m≤Qd ,dm≡b (mod a)
{αm}
= α
∑
q≤Q,q≡b (mod a)
ϕ(q)
−
∑
d≤Q
μ(d)
∑
m≤Qd ,dm≡b (mod a)
(
{αm} − 1
2
)
− 1
2
δ(b, 1)
= αA(a, b,Q) − R − 1
2
δ(b, 1) , say ,
where A(a, b,Q) is the same as before and δ(b, 1) is defined in the section 3.
As in the proof of Lemma 1, we get
R =
∑
δ|c
∑
d≤Q,(d,c)=δ
μ(d)
∑
m≤Qd ,dm≡b (mod a)
(
{αm} − 1
2
)
=
∑
δ|c
∑
d≤Q,(d,c)=δ
μ(d)
∑
m≤Qd , dδ m≡ bδ (mod aδ )
(
{αm} − 1
2
)
=
∑
δ|c
∑
d≤Q,(d,c)=δ
μ(d)
∑
j≤Qδdc , dδ j≡ bc (mod ac )
({
c
δ
jα
}
− 1
2
)
= 1
ϕ
(
a
c
) ∑
χmod a
c
χ¯
(
b
c
)∑
δ|c
∑
d≤Q,(d,c)=δ
μ(d)χ
(
d
δ
) ∑
j≤Qδ
dc
({
c
δ
jα
}
− 1
2
)
χ(j)
= 1
ϕ(a
c
)
∑
χmod a
c
χ¯
(
b
c
)∑
δ|c
∑
j≤Qδ
c
({
c
δ
jα
}
− 1
2
)
χ(j)
∑
d≤Qδ
jc
,(d,c)=δ
μ(d)χ
(
d
δ
)
= 1
ϕ
(
a
c
) ∑
χmod ac
χ¯
(
b
c
)∑
δ|c
∑
j≤Qδc
({
c
δ
jα
}
− 1
2
)
χ(j)
∑
d ′≤ Qjc ,(d ′, cδ )=1
μ(δd ′)χ(d ′)
= 1
ϕ
(
a
c
) ∑
χmod a
c
χ¯
(
b
c
)∑
δ|c
μ(δ)
∑
j≤Qδ
c
({
c
δ
jα
}
− 1
2
)
χ(j)
·
∑
d ′≤ Qjc ,(d ′, cδ )=1,(d ′,δ)=1
μ(d ′)χ(d ′)
= 1
ϕ
(
a
c
) ∑
χmod ac
χ¯
(
b
c
)∑
δ|c
μ(δ)
∑
j≤Qδc
({
c
δ
jα
}
− 1
2
)
χ(j)
∑
d ′≤ Qjc
μ(d ′)(χχo,a)(d ′) ,
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where χ runs over all Dirichlet character mod a
c
. We notice that for any A > 0 and for any
η > 0 ∑
d ′≤ Q
jc
μ(d ′)(χχo,a)(d ′) 	 aη Q
jc
log−A Q
jc
(cf. 8 on p. 384 of Montgomery and Vaughan [40] and also 5.80 on p. 124 of Iwaniec-
Kowalski [24]). Hence, we get
R 	 aη 1
ϕ
(
a
c
) ∑
χmod ac
∑
δ|c
∑
j≤Qδc
Q
jc
log−A Q
jc
	 aη
∑
δ|c
∑
j≤Qδ
c
∑
k≤ Q
jc
log−A k
	 aηd(c)
∑
k≤Q
c
log−A k
∑
j≤ Q
ck
1 	 Qaη d(c)
c
∑
k≤Q
c
k−1 log−2 k
	 Qaη d(c)
c
.
Hence, we get for any α in 0 ≤ α ≤ 1
A(Q)∑
i=1,fi= aiqi ∈FQ
fi≤α,qi≡b (mod a)
1 − αA(a, b,Q) 	 Qaη d(c)
c
.
Consequently, we get
DQ(FQ(a, b)) 	 Q
A(a, b,Q)
aη
d(c)
c
.
On the other hand, when α = 1
b+a[Q−b
a
] − ε with an arbitrarily small positive ε, we
have
A(Q)∑
i=1,fi= aiqi ∈FQ
fi≤α,qi≡b (mod a)
1 − αA(a, b,Q) = −
(
1
b + a[Q−b
a
] − ε)A(a, b,Q) .
Hence, we get
DQ(FQ(a, b)) ≥ 1
Q − a{Q−b
a
} − ε
for an arbitrarily small positive ε.
Consequently, we get for any η > 0
1
Q − a{Q−b
a
} ≤ DQ(FQ(a, b)) 	 Q
A(a, b,Q)
aη
d(c)
c
.
This implies Theorem 3.
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§7. Some Lemmas on the various sums involving both {αn} − 12 and χ(n)
In this section, we shall give some preliminary lemmas which will be needed to study
some analytic properties of Zα(s, χ). We shall give a study on the various sums involving
both {αn} − 12 and χ(n).
We shall prove first the following lemma.
LEMMA 2. Let α be irrational of type < ψ , where ψ is a non-decreasing positive
function defined at least for positive integers. Let χ be a Dirichlet character mod a. Then
we have ∑
n≤X
(
{αn} − 1
2
)
χ(n) 	 ϕ(a)
(
log2 X + aψ(aX) + a
∑
k≤X
ψ(ak)
k
)
.
Proof. Since, for any real x,
{x} − 1
2
= −
M∑
k=1
sin(2πkx)
πk
+ O
(
1
M‖x‖
)
,
we get first ∑
n≤X
(
{αn} − 1
2
)
χ(n)
= −
M∑
k=1
1
kπ
∑
n≤X
sin(2πkαn)χ(n) + O
(
1
M
∑
n≤X
1
‖αn‖
)
= V1 + V2 , say ,
where M(≥ 1) is an integer which will be chosen later. By 3.11 on p. 131 of Kuipers-
Niederreiter [31], we get further
V2 	 1
M
X(logX + ψ(X)) .
Next, we have
V1 = −
a∑
b=1
χ(b)
M∑
k=1
1
kπ
∑
b+am≤X
sin(2πkα(b + am))
= − 1
2
√−1
a∑
b=1
χ(b)
M∑
k=1
1
kπ
∑
b+am≤X
(e2π
√−1kα(b+am) − e−2π
√−1kα(b+am))
= − 1
2
√−1
a∑
b=1
χ(b)
M∑
k=1
1
kπ
e2π
√−1kαb ∑
b+am≤X
e2π
√−1kαam
+ 1
2
√−1
a∑
b=1
χ(b)
M∑
k=1
1
kπ
e−2π
√−1kαb ∑
b+am≤X
e−2π
√−1kαam
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a∑
b=1
| χ(b) |
M∑
k=1
1
k
1
‖kaα‖
	 ϕ(a)
M∑
k=1
1
k‖kaα‖ .
We notice here that
M∑
k=1
1
k‖kaα‖ =
M−1∑
k=1
Wk
k(k + 1) +
WM
M
,
where we put
Wk =
k∑
j=1
1
‖jaα‖ .
Since α is irrational of type < ψ , we have
ka‖kaα‖ ≥ 1
ψ(ka)
for all integer k ≥ 1. Thus we get as in 3.11 of p. 131 of Kuipers-Niederreiter [31]
Wk 	 k log k + kaψ(ka) .
Consequently, we get
M∑
k=1
1
k‖kaα‖
	
M−1∑
k=1
k log k + kaψ(ka)
k(k + 1) +
M logM + Maψ(Ma)
M
	 log2 M + aψ(Ma) + a
M∑
k=1
ψ(ka)
k
.
Hence we get, by taking M = [X],∑
n≤X
(
{αn} − 1
2
)
χ(n) 	 ϕ(a)
(
log2 X + aψ(aX) + a
∑
k≤X
ψ(ka)
k
)
.
This proves Lemma 2.
Although Lemma 2 is sufficient for our present purpose, we understand that when
a = 1 and α is quadratic irrational, it gives a weaker upper bound than Hardy-Littlewood
and Ostrowski’s one mentioned in the introduction. However, we can recover it by proving
the following lemma.
LEMMA 2′. Let α be irrational of type < ψ , where ψ is a non-decreasing positive
function defined at least for positive integers. Suppose further that ψ(t)
t
is decreasing. Let
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χ be a Dirichlet character mod a. Then we have∣∣∣∣∑
n≤X
(
{αn} − 1
2
)
χ(n)
∣∣∣∣ ≤ 4aϕ(a)
∫ X
1
ψ(t)
t
dt .
To prove Lemma 2′, we shall prove first the following lemma.
LEMMA 2′′ . Let α be irrational of type < ψ , where ψ is a non-decreasing positive
function defined at least for positive integers. Suppose further that ψ(t)
t
is decreasing. Let
β be any real number. Then we have∣∣∣∣∑
n≤X
(
{αn + β} − 1
2
)∣∣∣∣ ≤ 72
∫ X
1
ψ(t)
t
dt .
Lemmas 2′ and 2′′ should be compared with Lang’s result under the same assumption
on α (cf. Theorem 1 on p. 35 of Lang [35]):∑
n≤X
(
{αn} − 1
2
)
	
∫ X
1
ψ(t)
t
dt .
In fact, our proof follows pp. 35–36 of Lang [35] and pp. 153–154 of Ivic [23].
Proof of Lemma 2′′. Let X > Xo. Let pnqn (n = 1, 2, 3, . . . ) be the n-th principal
convergent of α (cf. p. 7 of Lang [35]). By the assumption on α, we have first
1
qnψ(qn)
≤ |αqn − pn| .
On the other hand, we have
|αqn − pn| < 1
qn+1
.
Hence we have for n ≥ 1,
qn+1 < qnψ(qn) .
For a given X, we have no such that
qno < X ≤ qno+1 .
qno satisfies
X
ψ(X)
≤ qno+1
ψ(qno)
< qno < X .
We write
pno
qno
= p
q
.
Then we have, for these p and q ,
α = p
q
+ θ
q2
with |θ | < 1, (p, q) = 1 and
X
ψ(X)
< q < X .
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Now we decompose the sum as follows.∑
n≤X
(
{αn + β} − 1
2
)
=
( ∑
1≤n≤q
+
∑
q+1≤n≤2q
+ · · · +
∑
[Xq ]q<n≤X
)(
{αn + β} − 1
2
)
.
In each subinterval [kq + 1, (k + 1)q], we have∑
kq+1≤n≤(k+1)q
(
{αn + β} − 1
2
)
=
∑
1≤ν≤q
(
{α(kq + ν) + β} − 1
2
)
=
∑
1≤ν≤q
(
{αν + {αkq + β}} − 1
2
)
=
∑
1≤ν≤q
(
{αν + β1} − 12
)
, say .
By our assumption on α, the last sum is
=
∑
1≤ν≤q
({(
p
q
+ θ
q2
)
ν + β1
}
− 1
2
)
=
∑
1≤ν≤q
({
1
q
(pν + [qβ1]) + 1
q2
(θν + q{qβ1})
}
− 1
2
)
.
As ν varies over 1 ≤ ν ≤ q , pν
q
mod one ranges over all fractions
0
q
,
1
q
,
2
q
, . . . ,
q − 1
q
.
So does 1
q
(pν + [qβ1]). We notice here that
1
q2
| θν + q{qβ1} |< 2q
q2
= 2
q
.
Hence, we get∑
1≤ν≤q
({
1
q
(pν + [qβ1]) + 1
q2
(θν + q{qβ1})
}
− 1
2
)
=
∑
1≤ν≤q
3≤pν+[qβ1]mod q≤q−3
({
1
q
(pν + [qβ1]) + 1
q2
(θν + q{qβ1})
}
− 1
2
)
+ Σ1 , say ,
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where
|Σ1| =
∣∣∣∣
({
0
q
+ 1
q2
(θν0 + q{qβ1})
}
− 1
2
)
+
({
1
q
+ 1
q2
(θν1 + q{qβ1})
}
− 1
2
)
+
({
2
q
+ 1
q2
(θν2 + q{qβ1})
}
− 1
2
)
+
({
q − 2
q
+ 1
q2
(θνq−2 + q{qβ1})
}
− 1
2
)
+
({
q − 1
q
+ 1
q2
(θνq−1 + q{qβ1})
}
− 1
2
)∣∣∣∣
≤5
2
,
where νm (m = 0, 1, 2, q − 2, q − 1) is an integer which satisfies
pνm + [qβ1] ≡ m ( mod q)
and
1 ≤ νm ≤ q.
On the other hand, we have∑
1≤ν≤q
3≤pν+[qβ1]mod q≤q−3
({
1
q
(pν + [qβ1]) + 1
q2
(θν + q{qβ1})
}
− 1
2
)
=
∑
3≤m≤q−3
(
m
q
− 1
2
)
+ Σ2 , say ,
where
|Σ2| < 2
q
(q − 5) < 2 .
Finally, we have∑
3≤m≤q−3
(
m
q
− 1
2
)
=
∑
3≤m≤[ q2 ]
(
m
q
− 1
2
)
+
∑
3≤m≤[ q2 ]
(
q − m
q
− 1
2
)
= 0 .
Hence, we get ∣∣∣∣ ∑
kq+1≤n≤(k+1)q
(
{αn + β} − 1
2
)∣∣∣∣ ≤ 72 .
Since ∫ (k+1)q
kq+1
ψ(t)
t
dt ≥ q ψ((k + 1)q)
(k + 1)q ≥ q
ψ(X)
X
> 1 ,
we get ∣∣∣∣ ∑
kq+1≤n≤(k+1)q
(
{αn + β} − 1
2
)∣∣∣∣ ≤ 72
∫ (k+1)q
kq+1
ψ(t)
t
dt .
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Consequently, we get ∣∣∣∣∑
n≤X
(
{αn + β} − 1
2
)∣∣∣∣ ≤ 72
∫ X
1
ψ(t)
t
dt .
This proves Lemma 2′′.
Proof of Lemma 2′∑
n≤X
(
{αn} − 1
2
)
χ(n)
=
a∑
b=1
χ(b)
∑
n≤X, n≡b (moda)
(
{αn} − 1
2
)
=
a∑
b=1
χ(b)
∑
b+ak≤X
({αak + {αb}} − 1
2
)
=
a∑
b=1
χ(b)
(
{αb} − 1
2
)
+
a∑
b=1
χ(b)
∑
1≤k≤X−ba
(
{αak + {αb}} − 1
2
)
.
By our assumption on α, we have
1
aqψ(aq)
≤ ‖(αa)q‖ for all q ≥ 1 .
Hence using Lemma 2′′, we get∣∣∣∣ ∑
1≤k≤X−ba
(
{αak + {αb}} − 1
2
)∣∣∣∣ ≤ 72
∫ X−b
a
1
aψ(at)
t
dt ≤ 7
2
a
∫ X
1
ψ(t)
t
dt .
Since | ∑ab=1 χ(b)({αb} − 12 ) |≤ 12ϕ(a), we get∣∣∣∣∑
n≤X
(
{αn} − 1
2
)
χ(n)
∣∣∣∣ ≤ 72aϕ(a)
∫ X
1
ψ(t)
t
dt + 1
2
ϕ(a)
≤
(
7
2
aϕ(a)+ 1
2
ϕ(a)
)∫ X
1
ψ(t)
t
dt ≤ 4aϕ(a)
∫ X
1
ψ(t)
t
dt .
This proves Lemma 2′.
We shall next prove the following lemma which involves also another oscillating quan-
tity e−
√−1t log n
.
LEMMA 3. Let t > to. Let α be irrational of type < ψ , where ψ is a non-decreasing
positive function defined at least for positive integers. For any Dirichlet character χ mod
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a, we have for N ≤ N ′ ≤ 2N ,∑
N≤n≤N ′
(
{αn} − 1
2
)
χ(n)e−
√−1t logn
	
⎧⎪⎪⎨
⎪⎪⎩
√
tϕ(a)
(
log2 N + aψ(aN) + a∑k≤N ψ(ka)k ) for N > ta2π√
tϕ(a) logN + ψ(2N) for √t 	 N ≤ ta2π
ϕ(a) logN
(√
N
a
t
1
6 + N
a
t− 16
)+ ψ(2N) for t 13 	 N ≤ ta2π .
Proof. Let M(≥ 1) be an integer which will be chosen later. Then we have, as in the
proof of Lemma 2,
V ≡
∑
N≤n≤N ′
(
{αn} − 1
2
)
χ(n)e−
√−1t logn
= −
M∑
k=1
1
kπ
∑
N≤n≤N ′
sin(2πkαn)χ(n)e−
√−1t logn
+ O
(
1
M
∑
N≤n≤N ′
1
‖αn‖
)
= V3 + V4 , say .
By 3.11 on p. 131 of Kuipers-Niederreiter [31], we get
V4 	 1
M
N(log N + ψ(2N)) .
V3 = −
a∑
b=1
χ(b)
M∑
k=1
1
kπ
∑
N≤b+am≤N ′
sin(2πkα(b + am))e−
√−1t log(b+am)
= − 1
2
√−1
a∑
b=1
χ(b)
M∑
k=1
1
kπ
∑
N≤b+am≤N ′
(e2π
√−1kα(b+am) − e−2π
√−1kα(b+am))
· e−
√−1t log(b+am)
= − 1
2
√−1
a∑
b=1
χ(b)
M∑
k=1
1
kπ
e2π
√−1kαb ∑
N≤b+am≤N ′
e2π
√−1kαame−
√−1t log(b+am)
+ 1
2
√−1
a∑
b=1
χ(b)
M∑
k=1
1
kπ
e−2π
√−1kαb
·
∑
N≤b+am≤N ′
e−2π
√−1kαame−
√−1t log(b+am)
= V ′3 + V ′′3 , say .
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We suppose first that
ta
2πN
< 1 .
V ′3 = −
1
2
√−1
a∑
b=1
χ(b)
M∑
k=1, ‖kαa‖2 > ta2πN
1
kπ
e2π
√−1kαb ∑
N≤b+am≤N ′
e
√−1f (m)
− 1
2
√−1
a∑
b=1
χ(b)
M∑
k=1, ‖kαa‖2 ≤ ta2πN
1
kπ
e2π
√−1kαb ∑
N≤b+am≤N ′
e
√−1f (m)
=V5 + V6 , say ,
where we put for x ≥ 1
f (x) = 2πkαax − t log(b + ax) .
When ‖kαa‖2 >
ta
2πN , since
f ′(x) = 2πkαa − ta
b + ax ,
we get, using van der Corput-Kusmin-Landau’s lemma (cf. p. 115 of Koksma [30]),∑
N≤b+am≤N ′
e
√−1f (m) 	 1‖kaα‖ .
Hence, we get
V5 	ϕ(a)
M∑
k=1
1
k‖kaα‖ .
By the argument in the proof of Lemma 2, we get
V5 	 ϕ(a)
(
log2 M + aψ(Ma) + a
M∑
k=1
ψ(ka)
k
)
.
When ‖kαa‖2 ≤ ta2πN , since
f ′′(x) = ta
2
(b + ax)2 ,
we get , using van der Corput’s lemma (cf. Theorem 5.9 of Titchmarsh [51]),
∑
N≤b+am≤N ′
e
√−1f (m) 	 N
a
√
ta2
N2
+
√
N2
a2t
.
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Hence, we get
V6 	 ϕ(a)
M∑
k=1, ‖kαa‖2 ≤ ta2πN
1
k
(√
t + N
a
√
t
)
	 ϕ(a)
M∑
k=1
1
k
(√
t + t‖kaα‖
1√
t
)
	 ϕ(a)√t
M∑
k=1
1
k‖kaα‖
	 ϕ(a)√t
(
log2 M + aψ(Ma) + a
M∑
k=1
ψ(ka)
k
)
.
Hence, we get
V ′3 	 ϕ(a)
√
t
(
log2 M + aψ(Ma) + a
M∑
k=1
ψ(ka)
k
)
.
Similarly, we get
V ′′3 	 ϕ(a)
√
t
(
log2 M + aψ(Ma) + a
M∑
k=1
ψ(ka)
k
)
and
V3 	 ϕ(a)
√
t
(
log2 M + aψ(Ma) + a
M∑
k=1
ψ(ka)
k
)
.
Taking M = N , we get
V 	 ϕ(a)√t
(
log2 N + aψ(Na) + a
N∑
k=1
ψ(ka)
k
)
.
We suppose next that √
t 	 N ≤ ta
2π
.
Since
f ′′(x) = ta
2
(b + ax)2 ,
we get , using van der Corput’s lemma (cf. Theorem 5.9 of Titchmarsh [51]),
∑
N≤b+am≤N ′
e
√−1f (m) 	 N
a
√
ta2
N2
+
√
N2
a2t
.
Hence, we get
V ′3 	 ϕ(a)
M∑
k=1
1
k
(√
t + N
a
√
t
)
	 ϕ(a) logM√t .
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Consequently, we get, by taking M = N ,
V 	 ϕ(a) logN√t + ψ(2N) .
We suppose finally that
t
1
3 	 N ≤ ta
2π
.
Since
f ′′′(x) = −2 ta
3
(b + ax)3 ,
we get , using van der Corput’s lemma (cf. Theorem 5.11 of Titchmarsh [51]),
∑
N≤b+am≤N ′
e
√−1f (m) 	 N
a
(
ta3
N3
) 1
6
+
√
N
a
(
N3
a3t
) 1
6
.
Hence, we get
V ′3 	 ϕ(a) logM
(
N
a
(
ta3
N3
) 1
6
+
√
N
a
(
N3
ta3
) 1
6
)
.
Consequently, we get , by taking M = N ,
V 	 ϕ(a) logN
(
N
a
(
ta3
N3
) 1
6
+
√
N
a
(
N3
ta3
) 1
6
)
+ logN + ψ(2N)
	 ϕ(a) logN
(√
N
a
t
1
6 + N
a
t−
1
6
)
+ ψ(2N) .
Combining all these estimates, we get Lemma 3.
Using Lemma 3, we get the following lemma.
LEMMA 4. Let α be irrational of type < ψ , where ψ is a non-decreasing positive
function defined at least for positive integers. Let t > to. Let χ be a Dirichlet character
mod a. Suppose further that
1 	 t 13 	 N ≤ ta
2π
.
Then we have for N ≤ N ′ ≤ 2N ,∑
N≤n≤N ′
{αn} − 12√
n
χ(n)e−
√−1t logn 	 t 16 log(ta)ϕ(a) + ψ(ta)t− 16 .
Proof.
V ′ ≡
∑
N≤n≤N ′
{αn} − 12√
n
χ(n)e−
√−1t logn
=
∑
N≤n≤N ′
1√
n
(U(n) − U(n − 1))
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=
∑
N≤n≤N ′−1
U(n)
(
1√
n
− 1√
n + 1
)
+ U(N ′) 1√
N ′
	
∑
N≤n≤N ′−1
| U(n) | 1
n
3
2
+ | U(N ′) | 1√
N ′
,
where we put for N ≤ k ≤ N ′
U(k) =
∑
N≤n≤k
(
{αn} − 1
2
)
χ(n)e−
√−1t logn
and
U(N − 1) = 0 .
If
√
t 	 N ≤ ta2π , then we have by the second part of Lemma 3
V ′ 	 1√
N
(
√
tϕ(a) logN + ψ(2N)) .
We have further
V ′ 	 1
t
1
3
(
√
tϕ(a) log(ta) + ψ(ta))
	 t 16 log(ta)ϕ(a) + ψ(ta)t− 13 ,
provided that
t
2
3 	 N ≤ ta
2π
.
If t
1
3 	 N ≤ ta2π , then we have by the third part of Lemma 3
V ′ 	 1√
N
(
ϕ(a) logN
(√
N
a
t
1
6 + N
a
t−
1
6
)
+ ψ(2N)
)
We have further
V ′ 	 t 16 log(ta)ϕ(a) 1√
a
+ ψ(ta)t− 16 ,
provided that
t
1
3 	 N ≤ t 23 .
Combining both cases, we get Lemma 4.
§8. Some analytic properties of Zα(s, χ)
In this section, we shall prove some analytic properties of Zα(s, χ) which will be
needed in the proofs of various theorems which have been stated in the sections 2 and 4.
Let α (0 ≤ α ≤ 1) be irrational of type < ψ , where ψ is a non-decreasing positive
function defined at least for positive integers. Suppose further that
ψ(t) 	 tνo with 0 ≤ νo < 1 .
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Then by Lemma 2, we have∑
n≤y
(
{αn} − 1
2
)
χ(n) 	 ϕ(a)(a1+νoyνo + log y) log y .
Hence, we have for (s) > νo and for any U ≥ 1,
Zα(s, χ) =
∑
n≤U
{αn} − 12
ns
χ(n) +
∑
n>U
{αn} − 12
ns
χ(n)
=
∑
n≤U
{αn} − 12
ns
χ(n)
+ s
∫ ∞
U
1
ys+1
(
∑
U<n≤y
(
{αn} − 1
2
)
χ(n))dy .
The second term is regular for (s) > νo. Thus we get the following.
LEMMA 5. Let α (0 ≤ α ≤ 1) be irrational of type < ψ , where ψ is a non-
decreasing positive function defined at least for positive integers. Suppose further that
ψ(t) 	 tνo with 0 ≤ νo < 1 .
Then Zα(s, χ) is regular for (s) > νo.
In particular, we get the following.
LEMMA 5′. For almost all irrational α (including all algebraic irrational α),
Zα(s, χ) is regular for (s) > 0.
Let t > to and δ = δ(t) = Clog t with some positive constant C. Using Lemma 2 as
above, we get, for
σ ≥ 1 − δ(t) ,
t > to and for any U ≥ 1,
|Zα(s, χ)| 	
∑
n≤U
1
nσ
+ |s|
∫ ∞
U
1
yσ+1
ϕ(a)(a1+νoyνo + log y) log y dy
	 1
δ
Uδ + t ϕ(a)(a
1+νoUνo + logU) logU
U1−δ
.
Here we choose
U =
{
t
1
1−νo if νo > 0
t log t if νo = 0 .
Then we get
|Zα(s, χ)| 	 a1+νoϕ(a) log t .
This implies the following estimate on the value of Zα(σ +
√−1t, χ) near the line σ = 1.
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LEMMA 6. Let α (0 ≤ α ≤ 1) be irrational of type < ψ , where ψ is a non-
decreasing positive function defined at least for positive integers. Suppose further that
ψ(t) 	 tνo with 0 ≤ νo < 1 .
Then we have, for σ ≥ 1 − Clog t and t > to,
Zα(σ +
√−1t, χ) 	 a1+νoϕ(a) log t .
In particular, we get the following lemma, by ignoring the dependence on a.
LEMMA 6′. For almost all irrational α (including all algebraic irrational α) and
for σ ≥ 1 − Clog t , t > to, we have
Zα(σ +
√−1t, χ) 	 log t .
In fact, we shall use this type of lemma in the region
σ ≥ 1 − C
(log T )
2
3 (log log T )
1
3
and |t| ≤ T
(cf. the subsections 9-1, 10-1 and 10-5 below).
Next we suppose further that 0 ≤ νo < 12 and we shall estimate Zα(a, χ) at s =
1
2 +
√−1t . Using Lemma 2 as above, we have, for any U > ta2π ,
Zα
(
1
2
+ √−1t, χ
)
=
∑
n	t 13
{αn} − 12√
n
χ(n)e−
√−1t logn
+
∑
t
1
3 	n≤ ta2π
{αn} − 12√
n
χ(n)e−
√−1t logn
+
∑
ta
2π <n≤U
{αn} − 12√
n
χ(n)e−
√−1t logn
+ O
( |s|ϕ(a)(a1+νoUνo + logU) logU√
U
)
= Y1 + Y2 + Y3 + O
( |s|ϕ(a)(a1+νoUνo + logU) logU√
U
)
, say .
Trivially, we have
Y1 	
∑
n	t 13
1√
n
	 t 16 .
By Lemma 4, we have
Y2 	 t 16 log2(ta)ϕ(a) + ψ(at)t− 16 log(ta)
	 t 16 log2(ta)ϕ(a) + aνotνo− 16 log(ta) .
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By the first part of Lemma 3, we get
Y3 =
∫ U
ta
2π
1√
y
d
( ∑
ta
2π <n≤y
(
{αn} − 1
2
)
χ(n)e−
√−1t logn
)
	 √tϕ(a) 1√
U
(logU + aψ(aU)) log2 U + ϕ(a) 1√
a
log3(ta)
+ ϕ(a)a1+νotνo log2(ta) .
Letting U → ∞, we get
Zα
(
1
2
+ √−1t, χ
)
	 t 16 log2(ta)ϕ(a) + ϕ(a)a1+νotνo log2(ta) .
Ignoring the dependence on a, we get the following.
LEMMA 7. Let t > to. Let α (0 ≤ α ≤ 1) be irrational of type < ψ , where ψ is a
non-decreasing positive function defined at least for positive integers. Suppose further that
ψ(t) 	 tνo with 0 ≤ νo < 12 .
Then we have
Zα
(
1
2
+ √−1t, χ
)
	 (t 16 + tνo ) log2 t .
In particular, we get the following.
LEMMA 7′. Let t > to. Then for almost all irrational α (including all algebraic
irrational α), we have
Zα
(
1
2
+ √−1t, χ
)
	 t 16 log2 t .
Finally, we shall prove the following mean value theorem which is sufficient for our
present purpose.
LEMMA 8. Let α (0 ≤ α ≤ 1) be irrational of type < ψ , where ψ is a non-
decreasing positive function defined at least for positive integers. Suppose further that
ψ(t) 	 tνo with 0 ≤ νo < 12 .
Then we have for any σ in 12 ≤ σ ≤ 1∫ T
0
|Zα(σ +
√−1t, χ)|2 dt = T
∑
n≤T
|({αn} − 12 )χ(n)|2
n2σ
+ O(T 2−2σ log4 T (log2 T + ψ2(T ))) + O(T 32 −σ log 52 T (log T + ψ(T ))) .
Proof. We shall ignore the dependence on a in the proof of Lemma 8.
Suppose that
ta
2π
≤ x ≤ U .
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Then we have as above for σ ≥ 12 ,
Zα(s, χ) =
∑
n≤U
({αn} − 12)χ(n)
ns
+ O
( |s|(ψ(U) + logU) logU
Uσ
)
=
∑
n≤x
({αn} − 12)χ(n)
ns
+
∑
x<n≤U
({αn} − 12)χ(n)e−√−1t logn
nσ
+ O
( |s|(ψ(U) + logU) logU
Uσ
)
Using the first part of Lemma 3, we get
∑
x<n≤U
({αn} − 12 )χ(n)e−√−1t logn
nσ
	
√
t(ψ(U) + logU) log2 U
Uσ
+
√
t(ψ(x) + log x) log2 x
xσ
.
Letting U → ∞, we get for t2π ≤ x,
Zα(s, χ) =
∑
n≤x
({αn} − 12)χ(n)e−√−1t logn
nσ
+ O
(√
t(ψ(x) + log x) log2 x
xσ
)
.
In particular, we get
Zα(s, χ) =
∑
n≤t
({αn} − 12)χ(n)e−√−1t logn
nσ
+ O
(√
t(ψ(t) + log t) log2 t
tσ
)
.
Hence, we get∫ T
1
| Zα(σ +
√−1t) |2 dt =
∫ T
1
∣∣∣∣∑
n≤t
({αn} − 12)χ(n)e−√−1t logn
nσ
∣∣∣∣
2
dt
+ O
((∫ T
1
∣∣∣∣∑
n≤t
({αn} − 12 )χ(n)e−√−1t log n
nσ
∣∣∣∣
2
dt
) 1
2
·
(∫ T
1
∣∣∣∣
√
t(ψ(t) + log t) log2 t
tσ
∣∣∣∣
2
dt
) 1
2
)
+ O
(∫ T
1
∣∣∣∣
√
t(ψ(t) + log t) log2 t
tσ
∣∣∣∣
2
dt
)
.
In a standard way, we get for σ ≥ 12∫ T
1
|Zα(σ +
√−1t, χ)|2 dt = T
∑
n≤T
∣∣({αn} − 12 )χ(n)∣∣2
n2σ
+ O(T 2−2σ log4 T (log2 T + ψ2(T ))) + O(T 32 −σ log 52 T (log T + ψ(T ))) .
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This proves Lemma 8.
§9. Proofs of Theorems 1 and 2
9.1. Proof of Theorem 1 and Corollary 1
Let Q > Qo. Let T be a sufficiently large number which will be chosen later.
Let α (0 ≤ α ≤ 1) be irrational of type < ψ , where ψ is a non-decreasing positive
function defined at least for positive integers. Suppose further that
ψ(t) 	 tνo with 0 ≤ νo < 1 .
We put
η = 1 + 1
logQ
and
κ = 1 − δ
with
δ = C
(log T )
2
3 (log log T )
1
3
,
C being some positive constant. For
σ ≥ 1 − δ
and for
| t |	 T ,
we know that
1
ζ(s)
	 (log T ) 23 (log log T ) 13 (cf. p. 310 of Ivic [23]) .
In the same region, we shall get an upper bound of Zα(s). As in the proof of Lemma 6, we
get for our α and for any U ≥ 1
|Zα(σ +
√−1t)| 	1
δ
Uδ + T ϕ(a)(a
1+νoUνo + logU) logU
U1−δ
.
Here we choose
U = T 11−νo .
Then we get for σ ≥ 1 − δ and | t |	 T ,
|Zα(σ +
√−1t)| 	 eC( log Tlog log T )
1
3
.
Now we shall estimate the integral
I = 1
2π
√−1
∫ η+√−1T
η−√−1T
1
ζ(s)
Zα(s)
Qs
s
ds .
138 A. FUJII
By Satz 3.1 on pp. 376–377 of Prachar [45], we get first that
I =
∑
dm≤Q
μ(d)
(
{αm} − 1
2
)
+ O
(
Qη
T (η − 1)2
)
+ O
(
Q logQ
T
d(2Q)
)
+ O(d(2Q)) .
By Satz 5.2 on p. 24 of Prachar [45], we have for any ε (> 0) and for Q > Qo(ε)
d(Q) 	 Q(1+ε) log 2log logQ .
On the other hand, by Cauchy’s theorem, we get
I = 1
2π
√−1
(∫ η+√−1T
κ+√−1T
+
∫ κ+√−1T
κ−√−1T
−
∫ η−√−1T
κ−√−1T
)
1
ζ(s)
Zα(s)
Qs
s
ds
= I1 + I2 + I3 , say .
Using the above estimates on 1
ζ(s)
and Zα(s), we get
I1, I3 	 (logT ) 23 (log log T ) 13 · eC(
log T
log log T )
1
3 · Q
η
T logQ
.
I2 	 (logT ) 23 (log log T ) 13 · eC(
log T
log log T )
1
3
Qκ
∫ T
−T
dt
1+ | t |
	 Qe
− C logQ
(logT )
2
3 (log log T )
1
3 e
C(
log T
log log T )
1
3 · (log T ) 53 (log log T ) 13 .
Hence, we get∑
dm≤Q
μ(d)
(
{αm} − 1
2
)
= O
(
Q log2 Q
T
)
+ O
(
Q log Q
T
Q
(1+ε) log 2
log logQ
)
+ O(Q(1+ε) log 2log logQ )
+ O
(
(logT )
2
3 (log log T )
1
3 · eC( log Tlog log T )
1
3 · Q
T logQ
)
+ O
(
Qe
− C logQ
(logT )
2
3 (log log T )
1
3 e
C(
log T
log log T )
1
3 · (log T ) 53 (log log T ) 13
)
.
Here we choose
T = Q2 (1+ε) log 2log logQ .
Then we get
O
(
Q logQ
T
Q
(1+ε) log 2
log logQ
)
= O(Q logQ · e−(1+ε) log2 logQlog logQ )
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and
O
(
Qe
− C logQ
(log T )
2
3 (log log T )
1
3 e
C(
log T
log log T )
1
3 · (log T ) 53 (log log T ) 13 )
= O(Q · e−C(logQ·log logQ) 13 · eC( logQ(log logQ)2) ) 13 · (logQ) 53 (log logQ)− 43 )
= O(Q · e−C(logQ·log logQ) 13 ) .
Similarly, the other remainder terms are bounded by
O
(
Q · e−C(logQ·log logQ)
1
3 )
.
Hence, we get ∑
dm≤Q
μ(d)
(
{αm} − 1
2
)
= O(Q · e−C(logQ·log logQ) 13 ) .
Consequently, we get for our α,
A(Q)∑
i=1,fi∈FQ
fi≤α
1 − α · A(Q) = O(Q · e−C(logQ·log logQ) 13 ) .
This implies Theorem 1 and Corollary 1.
9.2. Proof of Theorem 2
Let Q > Qo. Let T be a sufficiently large number which will be chosen later.
Let α be a fixed rational number of the form α = p
q
with 1 ≤ p ≤ q and (p, q) = 1.
Then we have
Zα(s) =
∞∑
n=1
{p
q
n
}− 12
ns
=
q∑
b=1
({
p
q
b
}
− 1
2
) ∞∑
m=0
1
(b + mq)s
= q−s
q∑
b=1
({
p
q
b
}
− 1
2
)
ζ
(
s,
b
q
)
,
where ζ(s,w) is the Hurwitz zeta function defined for (s) > 1 and 0 < w ≤ 1 by
ζ(s,w) =
∞∑
m=0
1
(m + w)s .
We put for t ≥ 2
δ(t) = C
(log t)
2
3 (log log t)
1
3
.
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Then by p. 114 of Prachar [45], we get for
σ ≥ 1 − δ(t) and |t| ≥ 2
and for U ≥ 1
ζ
(
σ + √−1t, b
q
)
−
(
b
q
)−(σ+√−1t )
	 1
δ(t)
Uδ(t) + t−1Uδ(t) + tU−1+δ(t) .
Here we choose
U = tδ(t) .
Then we get for
σ ≥ 1 − δ(T )
and for
2 ≤| t |	 T ,
ζ
(
σ + √−1t, b
q
)
−
(
b
q
)−(σ+√−1t )
	 eC( log Tlog log T )
1
3
.
For σ ≥ 12 and | t |≤ 11, we know by Satz 5.3 on p. 115 of Prachar [45] that
ζ
(
s,
b
q
)
−
(
b
q
)−s
= 1
s − 1 + O(1) .
We put
η = 1 + 1
logQ
and
κ = 1 − δ(T )
and consider the integral
J = 1
2π
√−1
∫ η+√−1T
η−√−1T
1
ζ(s)
Zα(s)
Qs
s
ds .
We get first
J =
∑
dm≤Q
μ(d)
({
p
q
m
}
− 1
2
)
+ O
(
Q log2 Q
T
)
+ O
(
Q log Q
T
d(2Q)
)
+ O(d(2Q)) .
On the other hand, we have
J =
q∑
b=1
({
p
q
b
}
− 1
2
)
1
2π
√−1
∫ η+√−1T
η−√−1T
1
ζ(s)
q−s
((
b
q
)−s
+
(
ζ
(
s,
b
q
)
−
(
b
q
)−s))
Qs
s
ds
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=
q∑
b=1
({
p
q
b
}
− 1
2
)
1
2π
√−1
∫ η+√−1T
η−√−1T
1
ζ(s)
(
Q
b
)s
s
ds
+
q∑
b=1
({
p
q
b
}
− 1
2
)
1
2π
√−1
∫ η+√−1T
η−√−1T
1
ζ(s)
(
ζ
(
s,
b
q
)
−
(
b
q
)−s)(Q
q
)s
s
ds
= J1 + J2 , say .
By the proof of Theorem 12.7 on p. 309 of Ivic [23], we get
J1 	 Q · e−(logQ)
3
5 (log logQ)−
1
5
.
By Cauchy’s theorem, we get
J2 =
q∑
b=1
({
p
q
b
}
− 1
2
)
1
2π
√−1
(∫ η+√−1T
κ+√−1T
+
∫ κ+√−1T
κ−√−1T
−
∫ η−√−1T
κ−√−1T
)
· 1
ζ(s)
(
ζ
(
s,
b
q
)
−
(
b
q
)−s)(Q
q
)s
s
ds
= J3 + J4 + J5 , say .
Using the estimate on 1
ζ(s)
as in the subsection 9-1 and also the estimate on ζ
(
s, b
q
)−( b
q
)−s
mentioned above, we get
J3, J5 	 (log T ) 23 (log log T ) 13 · eC(
log T
log log T )
1
3 · Q
T logQ
and
J4 	 Qe
− C logQ
(logT )
2
3 (log log T )
1
3 e
C(
log T
log log T )
1
3 · (log T ) 53 (log log T ) 13 .
Hence, we get∑
dm≤Q
μ(d)
(
{αm} − 1
2
)
= O
(
Q log2 Q
T
)
+ O
(
Q logQ
T
d(Q)
)
+ O(d(Q))
+ O
(
(log T )
2
3 (log log T )
1
3 · eC( log Tlog log T )
1
3 · Q
T logQ
)
+ O(Qe−
C logQ
(log T )
2
3 (log log T )
1
3 e
C(
log T
log log T )
1
3 · (log T ) 53 (log log T ) 13 )
+ O(Q · e−(logQ) 35 (log logQ)− 15 ) .
Then by taking
T = Q2 (1+ε) log 2log logQ ,
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we get, as in the subsection 9-1,∑
dm≤Q
μ(d)
(
{αm} − 1
2
)
= O(Q · e−C(logQ·log logQ) 13 ) .
Consequently, we get for any fixed rational α in 0 ≤ α ≤ 1
A(Q)∑
i=1,fi∈FQ
fi≤α
1 − α · A(Q) = O(Q · e−C(logQ·log logQ) 13 ) .
§10. Proofs of Theorems 4, 5, 6, 7, 8 and 9
In this section we shall fix a and ignore the dependence on a.
10.1. Proof of Theorem 4 and Corollary 2
Let Q > Qo. Let T be a sufficiently large number which will be chosen later.
Let α (0 ≤ α ≤ 1) be irrational of type < ψ , where ψ is a non-decreasing positive
function defined at least for positive integers. Suppose further that
ψ(t) 	 tνo with 0 ≤ νo < 1 .
We put c = (a, b). We put
η = 1 + 1
logQ
and
κ = 1 − δ
with
δ = C
(log T )
2
3 (log log T )
1
3
.
We shall consider the integral
Ξ1 = 1
ϕ
(
a
c
) ∑
δ|c
μ(δ)
∑
χmod a
c
χ¯
(
b
c
)
1
2π
√−1
∫ η+√−1T
η−√−1T
1
L(s, χχo,a)
Z c
δ
α(s, χ)
(
Q
c
)s
s
ds .
By Satz 3.1 on pp. 376–377 of Prachar [45], we get first that
Ξ1 = −
( A(Q)∑
i=1,fi= aiqi ∈FQ
fi≤α,qi≡b (mod a)
1 − αA(a, b,Q)
)
+ O
(
Qη
T (η − 1)2
)
+ O
(
Q logQ
T
Q
(1+ε) log 2
log logQ
)
+ O(Q(1+ε) log 2log logQ ) .
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On the other hand, by Cauchy’s theorem, we get
Ξ1 = 1
ϕ
(
a
c
) ∑
δ|c
μ(δ)
∑
χmod ac
χ¯
(
b
c
)
1
2π
√−1
(∫ η+√−1T
κ+√−1T
+
∫ κ+√−1T
κ−√−1T
−
∫ η−√−1T
κ−√−1T
)
1
L(s, χχo,a)
Z c
δ α
(s, χ)
(
Q
c
)s
s
ds
= K1 + K2 + K3 , say .
Here we notice that for a fixed Dirichlet character χ mod a we have
1
L(s, χ)
	 (log T ) 23 (log log T ) 13
in the region
σ ≥ 1 − C
(log T )
2
3 (log log T )
1
3
, To ≤ |t| ≤ T
(cf. Sokolovskii [49], p. 176 of Montgomery [39] and also Tatuzawa [50] for a weaker zero
free region).
In the same region, we shall get an upper bound of Zα(s, χ). As in the subsection 9-1,
we get for our α and for any U ≥ 1,
|Zα(σ +
√−1t, χ)| 	 1
δ
Uδ + T (U
νo + logU) logU
U1−δ
.
Here we choose
U = T 11−νo .
Then we get
|Zα(σ +
√−1t, χ)| 	 eC( log Tlog log T )
1
3
.
Using the above estimates on 1
L(s,χ)
and Zα(s, χ), we get
K1,K3 	 (log T ) 23 (log log T ) 13 eC(
log T
log log T )
1
3 · Q
η
T logQ
.
K2 	 Qe
− C logQ
(logT )
2
3 (log log T )
1
3 e
C(
log T
log log T )
1
3 · (log T ) 53 (log logT ) 13 .
Hence, by choosing
T = Q2 (1+ε) log 2log logQ ,
we get
A(Q)∑
i=1,fi= aiqi ∈FQ
fi≤α,qi≡b (mod a)
1 − αA(a, b,Q) = O(Q · e−C(logQ·log logQ) 13 ) .
This implies Theorem 4 and Corollary 2.
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10.2. Proof of Theorem 5
Let Q > Qo. Let T be a sufficiently large number which will be chosen later.
We put c = (a, b). Let α = p
q
be a fixed reduced rational number in 0 ≤ α ≤ 1. Then
we notice first that the generating function
1
ϕ
(
a
c
) ∑
δ|c
μ(δ)
∑
χmod ac
χ¯
(
b
c
)
1
L(s, χχo,a)
Z c
δ α
(s, χ)
can be decomposed further, since Zc
δ α
(s, χ) is decomposed as follows.
Zc
δ
p
q
(s, χ) =
∞∑
n=1
{ c
δ
p
q
n
}− 12
ns
χ(n)
=
∞∑
n=1
{ c
δd
p
q/d
n
}− 12
ns
χ(n)
=
q
d −1∑
h=0
a
c∑
j=1
∞∑
n=1
n≡h (mod qd ),n≡j (mod ac )
{ c
δd p
q/d
n
}− 12
ns
χ(n)
=
q
d
−1∑
h=0
({ c
δd
p
q/d
h
}
− 1
2
) ac −1∑
j=1
j≡h (mod ( qd , ac ))
χ(j)
∞∑
m=0
1
(ρ(h, j) + m[ q
d
, a
c
])s
=
q
d −1∑
h=0
({ c
δd
p
q/d
h
}
− 1
2
) ac −1∑
j=1
j≡h (mod ( qd , ac ))
χ(j)
1
(ρ(h, j))s
+
([
q
d
,
a
c
])−s qd −1∑
h=0
({ c
δd
p
q/d
h
}
− 1
2
) ac −1∑
j=1
j≡h (mod ( q
d
, a
c
))
χ(j)
·
(
ζ
(
s,
ρ(h, j)
[ q
d
, a
c
]
)
−
(
ρ(h, j)
[ q
d
, a
c
]
)−s)
,
where we put
d =
(
c
δ
, q
)
for δ | c, for simplicity, and ρ(h, j) is the unique integer mod [ q
d
, a
c
] which is determined
by the congruence conditions {
x ≡ h (mod q
d
)
x ≡ j (mod a
c
) .
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Thus to analyze further, we need some information on
ζ
(
s,
ρ(h, j)[ q
d
, a
c
] )− (ρ(h, j)[ q
d
, a
c
] )−s .
We put
δ(t) = C
(log t)
2
3 (log log t)
1
3
.
As in the proof of Theorem 2, we get for
σ ≥ 1 − δ(T )
and for
2 ≤| t |	 T ,
ζ
(
s,
ρ(h, j)[ q
d
, a
c
] )− (ρ(h, j)[ q
d
, a
c
] )−s 	 eC( log Tlog log T ) 13 .
Now we put
η = 1 + 1
logQ
and
κ = 1 − δ(T )
and consider the integral
Ξ2 = 1
ϕ
(
a
c
) ∑
δ|c
μ(δ)
∑
χmod a
c
χ¯
(
b
c
)
1
2π
√−1
∫ η+√−1T
η−√−1T
1
L(s, χχo,a)
Z c
δ
α(s, χ)
(
Q
c
)s
s
ds
= 1
ϕ
(
a
c
) ∑
δ|c
μ(δ)
∑
χmod ac
χ¯
(
b
c
) qd −1∑
h=0
({ c
δd
p
q/d
h
}
− 1
2
) ac −1∑
j=1
j≡h (mod ( qd , ac ))
χ(j)
· 1
2π
√−1
∫ η+√−1T
η−√−1T
1
L(s, χχo,a)
(
Q
ρ(h,j)c
)s
s
ds
+ 1
ϕ
(
a
c
) ∑
δ|c
μ(δ)
∑
χmod ac
χ¯
(
b
c
) qd −1∑
h=0
({ c
δd
p
q/d
h
}
− 1
2
) ac −1∑
j=1
j≡h (mod ( qd , ac ))
χ(j)
· 1
2π
√−1
∫ η+√−1T
η−√−1T
1
L(s, χχo,a)
(
ζ
(
s,
ρ(h, j)[q
d
, a
c
] )− (ρ(h, j)[q
d
, a
c
])−s)
(
Q
[ qd , ac ]c
)s
s
ds
= K4 + K5 , say .
As in the previous subsection, we get, by Cauchy’s theorem,
1
2π
√−1
∫ η+√−1T
η−√−1T
1
L(s, χχo,a)
(
Q
ρ(h,j)c
)s
s
ds = O
(
Q
T logQ
(logT )
2
3 (log log T )
1
3
)
146 A. FUJII
+ O(Qe
− C logQ
(logT )
2
3 (log log T )
1
3 (log T )
5
3 (log log T )
1
3 ) .
Hence, we get
K4 	 Q
T logQ
(log T )
2
3 (log log T )
1
3
+ Qe
− C logQ
(logT )
2
3 (log log T )
1
3 (log T )
5
3 (log log T )
1
3 .
By Cauchy’s theorem, we get also
K5 = 1
ϕ
(
a
c
) ∑
δ|c
μ(δ)
∑
χmod ac
χ¯
(
b
c
) qd −1∑
h=0
({ c
δd
p
q/d
h
}
− 1
2
) ac −1∑
j=1
j≡h (mod ( qd , ac ))
χ(j)
· 1
2π
√−1
(∫ η+√−1T
κ+√−1T
+
∫ κ+√−1T
κ−√−1T
−
∫ η−√−1T
κ−√−1T
)
1
L(s, χχo,a)
·
(
ζ
(
s,
ρ(h, j)[ q
d
, a
c
] )− (ρ(h, j)[ q
d
, a
c
] )−s)
(
Q
[ qd , ac ]c
)s
s
ds
+ Res
= K6 + K7 + K8 + Res , say ,
where we put
Res = Q 1
cϕ
(
a
c
) ∑
δ|c
μ(δ)
1[q
d
, a
c
] ∑
χmod ac ,χ =χo, ac
χ¯
(
b
c
)
1
L(1, χχo,a)
·
q
d
−1∑
h=0
({ c
δd
p
q/d
h
}
− 1
2
) ac −1∑
j=1
j≡h (mod ( qd , ac ))
χ(j) .
Using the above estimates on 1
L(s,χχo,a)
and ζ
(
s,
ρ(h,j)
[ q
d
, a
c
]
)− (ρ(h,j)[ q
d
, a
c
]
)−s
, we get
K6,K8 	 (logT ) 23 (log log T ) 13 eC(
log T
log log T )
1
3 · Q
η
T logQ
and
K7 	 Qe
− C logQ
(log T )
2
3 (log log T )
1
3 e
C(
log T
log log T )
1
3 · (log T ) 53 (log log T ) 13 .
Hence, we get
Ξ2 = Q 1
cϕ
(
a
c
) ∑
δ|c
μ(δ)
1[q
d
, a
c
] ∑
χmod ac ,χ =χo, ac
χ¯
(
b
c
)
1
L(1, χχo,a)
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·
q
d −1∑
h=0
({ c
δd
p
q/d
h
}
− 1
2
) ac −1∑
j=1
j≡h (mod ( q
d
, a
c
))
χ(j)
+ O
(
(log T )
2
3 (log log T )
1
3 e
C(
log T
log log T )
1
3 · Q
η
T logQ
)
+ O
(
Qe
− C logQ
(log T )
2
3 (log log T )
1
3 e
C(
log T
log log T )
1
3 · (logT ) 53 (log log T ) 13
)
.
On the other hand,
Ξ2 = 1
ϕ
(
a
c
) ∑
δ|c
μ(δ)
∑
χmod a
c
χ¯
(
b
c
) ∑
hj≤Q
c
μ(h)(χχo,a)(h)
({
c
δ
jα
}
− 1
2
)
χ(j)
+ O
(
Qη
T (η − 1)2
)
+ O
(
Q log Q
T
d(Q)
)
+ O(d(Q)) .
Thus by taking
T = Q2 (1+ε) log 2log logQ ,
we get
1
ϕ
(
a
c
) ∑
δ|c
μ(δ)
∑
χmod ac
χ¯
(
b
c
) ∑
hj≤Qc
μ(h)(χχo,a)(h)
({
c
δ
jα
}
− 1
2
)
χ(j)
= Q 1
cϕ
(
a
c
) ∑
δ|c
μ(δ)
1[ q
d
, a
c
] ∑
χmod ac ,χ =χo, ac
χ¯
(
b
c
)
1
L(1, χχo,a)
·
q
d
−1∑
h=0
({ c
δd
p
q/d
h
}
− 1
2
) ac −1∑
j=1
j≡h (mod ( qd , ac ))
χ(j)
+ O(Qe−C(logQ·log logQ) 13 ) .
Consequently, we get for any fixed rational α in 0 ≤ α ≤ 1
A(Q)∑
i=1,fi≤α
fi∈FQ,qi≡b (mod a)
1 − α · A(a, b,Q) = Q · C(α, a, b) + O(Qe−C(logQ·log logQ)
1
3
) ,
where C(α, a, b) is introduced in the statement of Theorem 5 in the section 4.
10.3. Proof of Theorem 6 and Corollary 3
In this subsection we assume the Generalized Riemann Hypothesis.
Let Q > Qo. Let T be a sufficiently large number which will be chosen later.
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Let α (0 ≤ α ≤ 1) be irrational of type < ψ , where ψ is a non-decreasing positive
function defined at least for positive integers. Suppose further that
ψ(t) 	 tνo with 0 ≤ νo < 12 .
We put c = (a, b).
We put
η = 1 + 1
logQ
and
κ >
1
2
+ νo .
We shall consider the integral
Ξ3 = 1
ϕ
(
a
c
) ∑
δ|c
μ(δ)
∑
χmod a
c
χ¯
(
b
c
)
1
2π
√−1
∫ η+√−1T
η−√−1T
1
L(s, χχo,a)
Z c
δ
α(s, χ)
(
Q
c
)s
s
ds .
We get as above
Ξ3 = −
( A(Q)∑
i=1,fi= aiqi ∈FQ
fi≤α,qi≡b (mod a)
1 − αA(a, b,Q)
)
+ O
(
Qη
T (η − 1)2
)
+ O
(
Q logQ
T
Q
(1+ε) log 2
log logQ
)
+ O(Q(1+ε) log 2log logQ ) .
On the other hand, by Cauchy’s theorem, we get
Ξ3 = 1
ϕ
(
a
c
) ∑
δ|c
μ(δ)
∑
χmod ac
χ¯
(
b
c
)
· 1
2π
√−1
(∫ η+√−1T
κ+√−1T
+
∫ κ+√−1T
κ−√−1T
−
∫ η−√−1T
κ−√−1T
)
1
L(s, χχo,a)
Z c
δ α
(s, χ)
(
Q
c
)s
s
ds
= K9 + K10 + K11 , say .
For
σ >
1
2
and for
| t |	 T ,
it can be shown that
1
L(s, χ)
	 (aT )ε (cf. p. 444 of Montgomery-Vaughan [40]) .
By Lemma 7 and the convexity argument, we get , for σ ≥ 12 and for | t |≥ to
|Zα(σ +
√−1t, χ)| ≤ tmax( 13 ,2νo)(1−σ)+ε .
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Using the above estimates on 1
L(s,χ)
and Zα(s, χ), we get
K9,K11 	 Q
T
T max(
1
3 ,2νo)(1−κ)+ε .
K10 	 QκT ε
∫ T
−T
|Zα(κ +
√−1t, χ)| dt
1 + |t|
	 QκT ε
∑
0≤j≤log2 T
∫ T
2j
T
2j+1
|Zα(κ +
√−1t, χ)| dt
1 + |t|
	 QκT ε
∑
0≤j≤log2 T
2j
T
(∫ T
2j
T
2j+1
| Zα(κ +
√−1t, χ) |2 dt
) 1
2
√
T
2j
.
Since κ > 12 + νo, we have by Lemma 8∫ T
2j
T
2j+1
|Zα(κ +
√−1t, χ)|2 dt 	 T
2j
.
Hence, we get
K10 	 QκT ε .
Hence, by choosing
T = Q
1−κ
1−max( 13 ,2νo)(1−κ) ,
we get
1
ϕ
(
a
c
) ∑
δ|c
μ(δ)
∑
χmod ac
χ¯
(
b
c
) ∑
hj≤Qc
μ(h)(χχo,a)(h)
({
c
δ
jα
}
− 1
2
)
χ(j) = O(Qκ+ε) .
This holds for any κ > 12 + νo.
Hence, we get for any ε,
A(Q)∑
i=1,fi= aiqi ∈FQ
fi≤α,qi≡b (mod a)
1 − αA(a, b,Q)) = O(Q 12 +νo+ε) .
This implies Theorem 6 and Corollary 3.
10.4. Proof of Theorem 7
In this subsection we assume the Generalized Riemann Hypothesis.
Let Q > Qo. Let T be a sufficiently large number which will be chosen later.
Let α = p
q
be a fixed reduced rational number in 0 ≤ α ≤ 1. We put c = (a, b).
We put
η = 1 + 1
logQ
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and
κ >
1
2
.
We consider the integral
Ξ4 = 1
ϕ
(
a
c
) ∑
δ|c
μ(δ)
∑
χmod a
c
χ¯
(
b
c
)
1
2π
√−1
∫ η+√−1T
η−√−1T
1
L(s, χχo,a)
Z c
δ
α(s, χ)
(
Q
c
)s
s
ds
= 1
ϕ
(
a
c
) ∑
δ|c
μ(δ)
∑
χmod a
c
χ¯
(
b
c
) qd −1∑
h=0
({ c
δd
p
q/d
h
}
− 1
2
) ac −1∑
j=1
j≡h (mod ( q
d
, a
c
))
χ(j)
· 1
2π
√−1
∫ η+√−1T
η−√−1T
1
L(s, χχo,a)
(
Q
ρ(h,j)c
)s
s
ds
+ 1
ϕ
(
a
c
) ∑
δ|c
μ(δ)
∑
χmod ac
χ¯
(
b
c
) qd −1∑
h=0
({ c
δd
p
q/d
h
}
− 1
2
) ac −1∑
j=1
j≡h (mod ( qd , ac ))
χ(j)
· 1
2π
√−1
∫ η+√−1T
η−√−1T
1
L(s, χχo,a)
(
ζ
(
s,
ρ(h, j)
[ q
d
, a
c
]
)
−
(
ρ(h, j)
[ q
d
, a
c
]
)−s)( Q[ qd , ac ]c
)s
s
ds
=K12 + K13 , say ,
where we put d = ( c
δ
, q) for δ | c, for simplicity. We get first
K12 	 Q 12 +ε .
By Cauchy’s theorem, we get
K13 = 1
ϕ
(
a
c
) ∑
δ|c
μ(δ)
∑
χmod ac
χ¯
(
b
c
) qd −1∑
h=0
({ c
δd
p
q/d
h
}
− 1
2
) ac −1∑
j=1
j≡h (mod ( qd , ac ))
χ(j)
· 1
2π
√−1
(∫ η+√−1T
κ+√−1T
+
∫ κ+√−1T
κ−√−1T
−
∫ η−√−1T
κ−√−1T
)
1
L(s, χχo,a)
·
(
ζ
(
s,
ρ(h, j)[ q
d
, a
c
] )− (ρ(h, j)[ q
d
, a
c
] )−s)
(
Q
[ qd , ac ]c
)s
s
ds
+ Res
= K14 + K15 + K16 + Res , say ,
where we put
Res = Q 1
cϕ
(
a
c
) ∑
δ|c
μ(δ)
1[q
d
, a
c
] ∑
χmod a
c
,χ =χo, ac
χ¯
(
b
c
)
1
L(1, χχo,a)
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·
q
d −1∑
h=0
({ c
δd
p
q/d
h
}
− 1
2
) ac −1∑
j=1
j≡h (mod ( q
d
, a
c
))
χ(j) .
To estimate K14 and K16, we shall use the upper bound of 1L(s,χχo,a) used in the proof of
Theorem 6. We need also an upper bound
ζ
(
s,
ρ(h, j)[ q
d
, a
c
] )− (ρ(h, j)[ q
d
, a
c
] )−s 	 |t|ε
for σ ≥ 12 and for to ≤ |t| ≤ T . This is a consequence of the Generalized Riemann
Hypothesis. Because, generally for 1 ≤ p ≤ q with (p, q) = 1, we have
ζ
(
s,
p
q
)
=qs
∞∑
n=0
1
(p + nq)s
= qs 1
ϕ(q)
∑
χ (mod) q
χ¯(p)L(s, χ)
	 tε
for σ ≥ 12 as t → ∞ for any ε > 0. Using these we get
K14,K16 	 Q
T
T ε .
Similarly, we get
K15 	 QκT ε
∫ T
−T
∣∣∣∣ζ
(
s,
ρ(h, j)[ q
d
, a
c
] )− (ρ(h, j)[ q
d
, a
c
] )−s ∣∣∣∣ dt1 + |t|
	 QκT ε .
Thus we get, by taking T = Q1−κ ,
Ξ4 = Q 1
cϕ
(
a
c
) ∑
δ|c
μ(δ)
1[q
d
, a
c
] ∑
χmod a
c
,χ =χo, ac
χ¯
(
b
c
)
1
L(1, χχo,a)
·
q
d −1∑
h=0
({ c
δd
p
q/d
h
}
− 1
2
) ac −1∑
j=1
j≡h (mod ( qd , ac ))
χ(j)
+ O(Qκ+ε) .
On the other hand, we have
Ξ2 = 1
ϕ
(
a
c
) ∑
δ|c
μ(δ)
∑
χmod a
c
χ¯
(
b
c
) ∑
hj≤Q
c
μ(h)(χχo,a)(h)
({
c
δ
jα
}
− 1
2
)
χ(j)
+ O(Qκ+ε) .
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Hence, we get
1
ϕ
(
a
c
) ∑
δ|c
μ(δ)
∑
χmod a
c
χ¯
(
b
c
) ∑
hj≤Q
c
μ(h)(χχo,a)(h)
({
c
δ
jα
}
− 1
2
)
χ(j)
= Q 1
cϕ
(
a
c
) ∑
δ|c
μ(δ)
1[q
d
, a
c
] ∑
χmod ac ,χ =χo, ac
χ¯
(
b
c
)
1
L(1, χχo,a)
·
q
d −1∑
h=0
({ c
δd
p
q/d
h
}
− 1
2
) ac −1∑
j=1
j≡h (mod ( qd , ac ))
χ(j)
+ O(Qκ+ε) .
Consequently, we get for any fixed rational α in 0 ≤ α ≤ 1
A(Q)∑
i=1,fi≤α
fi∈FQ,qi≡b (mod a)
1 − α · A(a, b,Q) = Q · C(α, a, b) + O(Q 12 +ε) .
10.5. Proof of Theorem 8 and Corollary 4
Let X > Xo. Let T be a sufficiently large number which will be chosen later. Let
α (0 ≤ α ≤ 1) be irrational of type < ψ , where ψ is a non-decreasing positive function
defined at least for positive integers. Suppose further that
ψ(t) 	 tνo with 0 ≤ νo < 1 .
We put c = (a, b). Then we have first for y > yo,∑
q≤y,q≡b (mod a)
q∑
k=1,(k,q)=1
k
q ≤α
1 − αA(a, b, y) + 1
2
δ(b, 1)
= − 1
ϕ
(
a
c
) ∑
δ|c
μ(δ)
∑
χmod ac
χ¯
(
b
c
) ∑
hj≤ y
c
μ(h)(χχo,a)(h)
({
c
δ
jα
}
− 1
2
)
χ(j) .
Let T > To. We put
η = 1 + 1
logX
and
κ = 1 − C
(log T )
2
3 (log log T )
1
3
.
We shall consider the integral
Ξ5 = 1
ϕ
(
a
c
) ∑
δ|c
μ(δ)
∑
χmod ac
χ¯
(
b
c
)
1
2π
√−1
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·
∫ η+√−1T
η−√−1T
1
L(s, χχo,a)
Z c
δ
α(s, χ)
Xs+1
s(s + 1) ds .
By Theorem 2 on p. 350 of Karatsuba-Voronin [27], we get first that
Ξ5 = −
∫ X
1
( ∑
q≤cy,q≡b (mod a)
q∑
k=1,(k,q)=1
k
q ≤α
1 − αA(a, b, cy)
)
dy
+ O(B(η)X
η+1
T
+ 2η
(
X logX
T
+ log T
)
max
1
2 X≤ξ≤ 32 X
|C(ξ)|)
= −
∫ X
1
( ∑
q≤cy,q≡b (mod a)
q∑
k=1,(k,q)=1
k
q
≤α
1 − αA(a, b, cy)
)
dy
+ O
(
X2 log2 X
T
+ X logX log T
)
,
where
C(ξ) = 1
ϕ
(
a
c
) ∑
δ|c
μ(δ)
∑
χmod ac
χ¯
(
b
c
) ∑
hj≤ξ
μ(h)(χχo,a)(h)
({
c
δ
jα
}
− 1
2
)
χ(j)
	
∑
δ|c
∑
n≤ξ
d(n) 	 ξ log ξ
and
B(η) =
∫ ∞
1
|C(ξ)|
ξη+1
dξ 	 log2 X .
On the other hand, by Cauchy’s theorem, we get
Ξ5 = 1
ϕ
(
a
c
) ∑
δ|c
μ(δ)
∑
χmod ac
χ¯
(
b
c
)
1
2π
√−1
(∫ η+√−1T
κ+√−1T
+
∫ κ+√−1T
κ−√−1T
−
∫ η−√−1T
κ−√−1T
)
· 1
L(s, χχo,a)
Z c
δ α
(s, χ)
Xs+1
s(s + 1) ds
= K17 + K18 + K19 , say .
Using the estimates on 1
L(s,χχo,a)
and Zc
δ
α(s, χ) used in the subsection 10-1, we get for our
α,
K17,K19 	 X
2
T 2 logX
(log T )
2
3 (log log T )
1
3 e
C(
log T
log log T )
1
3
.
K18 	 X
2− C
(logT )
2
3 (log log T )
1
3 (log T )
5
3 (log log T )
1
3 e
C(
log T
log log T )
1
3
.
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Taking
log T = (logX) 35 (log logX)− 15 ,
we get ∫ X
1
( ∑
q≤cy,q≡b (mod a)
q∑
k=1,(k,q)=1
k
q ≤α
1 − αA(a, b, cy)
)
dy
= O(X2 · e−C(logX) 35 (log logX)− 15 ) .
This implies Theorem 8 and Corollary 4.
10.6. Proof of Theorem 9
Let X > Xo. Let T be a sufficiently large number which will be chosen later.
Let α = p
q
be a fixed reduced rational number in 0 ≤ α ≤ 1. We put c = (a, b) and
d = ( c
δ
, q) for δ | c. Let T > To.
We put
η = 1 + 1
logX
and
κ = 1 − C
(log T )
2
3 (log log T )
1
3
and consider the integral
Ξ6 = 1
ϕ
(
a
c
) ∑
δ|c
μ(δ)
∑
χmod ac
χ¯
(
b
c
)
1
2π
√−1
∫ η+√−1T
η−√−1T
1
L(s, χχo,a)
Z c
δ α
(s, χ)
Xs+1
s(s + 1) ds
= 1
ϕ
(
a
c
) ∑
δ|c
μ(δ)
∑
χmod a
c
χ¯
(
b
c
) qd −1∑
h=0
({ c
δd
p
q/d
h
}
− 1
2
) ac −1∑
j=1
j≡h (mod ( q
d
, a
c
))
χ(j)
· 1
2π
√−1
∫ η+√−1T
η−√−1T
1
L(s, χχo,a)
(
X
ρ(h,j
) )s+1
s(s + 1) ds
+ 1
ϕ
(
a
c
) ∑
δ|c
μ(δ)
∑
χmod a
c
χ¯
(
b
c
) qd −1∑
h=0
({ c
δd
p
q/d
h
}
− 1
2
) ac −1∑
j=1
j≡h (mod ( q
d
, a
c
))
χ(j)
· 1
2π
√−1
∫ η+√−1T
η−√−1T
1
L(s, χχo,a)
(
ζ
(
s,
ρ(h, j)[ q
d
, a
c
] )− (ρ(h, j)[ q
d
, a
c
] )−s)
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(
X
[ q
d
, a
c
]
)s+1
s(s + 1) ds
= K20 + K21 , say .
As in the proof of Theorem 5 given in the subsection 10-2, we get
K20 	 X
2(log T )
2
3 (log log T )
1
3
T 2 logX
+ X
2− C
(logT )
2
3 (log log T )
1
3 (log T )
5
3 (log log T )
1
3 .
By Cauchy’s theorem, we get
K21 = 1
ϕ
(
a
c
) ∑
δ|c
μ(δ)
∑
χmod ac
χ¯
(
b
c
) qd −1∑
h=0
({ c
δd
p
q/d
h
}
− 1
2
) ac −1∑
j=1
j≡h (mod ( qd , ac ))
χ(j)
· 1
2π
√−1
(∫ η+√−1T
κ+√−1T
+
∫ κ+√−1T
κ−√−1T
−
∫ η−√−1T
κ−√−1T
)
1
L(s, χχo,a)
·
(
ζ
(
s,
ρ(h, j)[ q
d
, a
c
] )− (ρ(h, j)[ q
d
, a
c
] )−s)
(
X
[ qd , ac ]
)s+1
s(s + 1) ds
+ Res
= K22 + K23 + K24 + Res , say ,
where we have
Res = X
2
2
1
ϕ
(
a
c
) ∑
δ|c
μ(δ)
1[q
d
, a
c
]2 ∑
χmod a
c
,χ =χo, ac
χ¯
(
b
c
)
1
L(1, χχo,a)
·
q
d −1∑
h=0
({ c
δd
p
q/d
h
}
− 1
2
) ac −1∑
j=1
j≡h (mod ( q
d
, a
c
))
χ(j) .
We get, as in the proof of Theorem 5 given in the subsection 10-2,
K22,K24 	 X
2
T 2 logX
(log T )
2
3 (log logT )
1
3 e
C(
log T
log log T )
1
3
and
K23 	 X
2− C
(logT )
2
3 (log log T )
1
3 (log T )
5
3 (log log T )
1
3 e
C(
log T
log log T )
1
3
.
On the other hand, as in the proof of Theorem 8,
Ξ6 = −
∫ X
1
( ∑
q≤cy,q≡b (mod a)
q∑
k=1,(k,q)=1
k
q ≤α
1 − αA(a, b, cy)
)
dy
+ O
(
X2 log2 X
T
+ X logX log T
)
,
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Thus by taking
log T = (logX) 35 (log logX)− 15 ,
we get ∫ X
1
( ∑
q≤cy,q≡b (mod a)
q∑
k=1,(k,q)=1
k
q ≤α
1 − αA(a, b, cy)
)
dy
= −X
2
2
1
ϕ
(
a
c
) ∑
δ|c
μ(δ)
1[q
d
, a
c
]2 ∑
χmod a
c
,χ =χo, ac
χ¯
(
b
c
)
1
L(1, χχo,a)
·
q
d −1∑
h=0
({ c
δd
p
q/d
h
}
− 1
2
) ac −1∑
j=1
j≡h (mod ( q
d
, a
c
))
χ(j)
+ O(X2 · e−C(logX) 35 (log logX)− 15 ) .
This implies Theorem 9.
§11. Concluding remarks
We shall give some examples of the values of the constant C(α, a, b) in the statement
of Theorems 5 and 7. We denote a reduced fraction α in 0 < α ≤ 1 by p
q
.
EXAMPLE 1. (i) When a = 1 or 2, then we have obviously for all b in 0 < b ≤ a
and for any p
q
C
(
p
q
, a, b
)
= 0 .
(ii) When b = a, then we have, obviously, also for any p
q
C
(
p
q
, a, a
)
= 0 .
In particular, when a = b = 3, then we get the second part of the first case of Example
in the section 4.
EXAMPLE 2. When (a, b) = 1 and (a, q) = 1, then since for any non-principal
character χ mod a and for any 0 ≤ h ≤ q − 1,
a−1∑
j=1
j≡h (mod (q,a))
χ(j) =
a−1∑
j=1
χ(j) = 0 ,
we have
C
(
p
q
, a, b
)
= 0 .
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In particular, when a = 3, b = 1, 2 and 3 | q , then we get the first part of the first
case of Example in the section 4.
EXAMPLE 3. When (a, b) = 1 and (a, q) = a, namely, q = aq1 with q1 ≥ 1, we
have
C
(
p
q
, a, b
)
= − 1
qϕ(a)
∑
χmod a,χ =χo,a
χ¯(b)
1
L(1, χ)
·
aq1−1∑
h=0
({
p
aq1
h
}
− 1
2
) a−1∑
j=1
j≡h (moda)
χ(j)
= − 1
qϕ(a)
∑
χmod a,χ =χo,a
χ¯(b)
1
L(1, χ)
aq1−1∑
h=0
({
p
aq1
h
}
− 1
2
)
χ(h)
= − 1
qϕ(a)
∑
χmod a,χ =χo,a
χ¯(bp)
1
L(1, χ)
aq1−1∑
h=0
({
ph
aq1
}
− 1
2
)
χ(ph)
= − 1
qϕ(a)
∑
χmod a,χ =χo,a
χ¯(bp)
1
L(1, χ)
aq1−1∑
j=0
({
j
aq1
}
− 1
2
)
χ(j)
= − 1
qϕ(a)
∑
χmod a,χ =χo,a
χ¯(bp)
1
L(1, χ)
q1−1∑
k=0
a−1∑
ν=0
(
ka + ν
aq1
− 1
2
)
χ(ν)
= − 1
qaϕ(a)
∑
χmod a,χ =χo,a
χ¯ (bp)
1
L(1, χ)
a−1∑
ν=0
νχ(ν) .
EXAMPLE 4. As in Example 3, we suppose that (a, b) = 1 and (a, q) = a. We
suppose further that a is prime. We decompose the last sum in Example 3 as follows.
C
(
p
q
, a, b
)
= − 1
qaϕ(a)
∑
χmod a,χ =χo,a
χ(−1)=−1
χ¯(bp)
1
L(1, χ)
a−1∑
ν=1
νχ(ν)
− 1
qaϕ(a)
∑
χmod a,χ =χo,a
χ(−1)=1
χ¯(bp)
1
L(1, χ)
a−1∑
ν=1
νχ(ν) .
When χ(−1) = 1, then we have
a−1∑
ν=1
νχ(ν) = 0 (cf. p. 289 of Montgomery and Vaughan [40]) .
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On the other hand, when χ(−1) = −1, then by Theorem 9.9 on p. 288 of Montgomery and
Vaughan [40], we have
L(1, χ) =
√−1πτ(χ)
a2
a−1∑
ν=1
νχ¯(ν)
with the Gauss sum τ (χ) defined by
τ (χ) =
a∑
k=1
χ(k)e2π
√−1 ka .
Consequently, we get
C
(
p
q
, a, b
)
= − a
qϕ(a)
√−1π
∑
χmod a,χ =χo,a
χ(−1)=−1
χ¯(bp)
1
τ (χ)
∑a−1
ν=1 νχ(ν)∑a−1
ν=1 νχ¯(ν)
= − 1
qϕ(a)
√−1π
∑
χmod a,χ =χo,a
χ(−1)=−1
χ¯(bp)τ¯ (χ)
∑a−1
ν=1 νχ(ν)∑a−1
ν=1 νχ¯(ν)
.
Using this expression, we can evaluate C(p
q
, a, b) more explicitly for each prime num-
ber a. We shall give some examples below.
EXAMPLE 4-(i). In particular, when a = 3, 3 | q and b = 1, 2, then we get with the
real primitive Dirichlet character χ mod 3
C
(
p
q
, 3, b
)
= − 1
2q
√−1π χ¯(bp)τ¯ (χ)
∑2
ν=1 νχ(ν)∑2
ν=1 νχ¯(ν)
= − 1
2q
√−1π χ¯(bp)
√−1√3
= χ¯(bp)
√
3
2πq
=
⎧⎨
⎩
√
3
2πq if bp ≡ 1 (mod 3)
−
√
3
2πq if bp ≡ 2 (mod 3) .
This implies the last two cases of Example given in the section 4.
EXAMPLE 4-(ii). In a similar manner, we can evaluate C(p
q
, a, b) for a = 5, 5 | q
and b = 1, 2, 3 and 4. Let χ1 be the Dirichlet character mod 5 defined by
χ1(1) = 1 , χ1(2) =
√−1 , χ1(3) = −
√−1 and χ1(4) = −1 .
Let χ2 be the Dirichlet character mod 5 defined by
χ2(1) = 1 , χ2(2) = −
√−1 , χ2(3) =
√−1 and χ2(4) = −1 .
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Namely, χ2 = χ¯1. Then we have
C
(
p
q
, 5, b
)
= − 1
2qπ

(
χ¯1(bp)τ¯ (χ1)
∑4
ν=1 νχ1(ν)∑4
ν=1 νχ¯1(ν)
)
.
Here we have
4∑
ν=1
νχ1(ν) = −3 −
√−1
and
τ (χ1) = −2 sin 4π5 + 2
√−1 sin 2π
5
.
Consequently, we get
C
(
p
q
, 5, b
)
= 1
5qπ
sin
2π
5

(
χ¯1(bp)
(
8 cos
2π
5
− 3 + √−1
(
4 + 6 cos 2π
5
)))
.
Simplifying this and combining it with Example 1-(ii) and Example 2, we get the following
result. For any reduced fraction 0 < p
q
≤ 1 and for b = 1, 2, 3, 4 and 5, we have
lim
Q→∞
1
Q
( A(Q)∑
i=1,fi= aiqi ∈FQ
fi≤ pq ,qi≡b (mod 5)
1 − p
q
A(5, b,Q)
)
=
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
0 if 5 | q or b = 5
√
2
√
5+√5·(5+3√5)
40qπ if 5 | q and bp ≡ 1 (mod 5)
√
2
√
5+√5·(5−2√5)
20qπ if 5 | q and bp ≡ 2 (mod 5)
−
√
2
√
5+√5·(5−2√5)
20qπ if 5 | q and bp ≡ 3 (mod 5)
−
√
2
√
5+√5·(5+3√5)
40qπ if 5 | q and bp ≡ 4 (mod 5) .
EXAMPLE 4-(iii). We shall evaluate C(p
q
, a, b) for a = 7, 7 | q and b = 1, 2, 3, 4, 5
and 6.
Let χ1 be the Dirichlet character mod 7 defined by
χ1(1) = 1 , χ1(2) = 1 , χ1(3) = −1 ,
χ1(4) = 1 , χ1(5) = −1 , and χ1(6) = −1 .
Let χ2 be the Dirichlet character mod 7 defined by
χ2(1) = 1 , χ2(2) = −1 +
√−3
2
, χ2(3) = 1 +
√−3
2
,
χ2(4) = − 1 +
√−3
2
, χ2(5) = 1 −
√−3
2
, and χ2(6) = −1 .
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Let χ3 be the Dirichlet character mod 7 defined by
χ3(1) = 1 , χ3(2) = −1 +
√−3
2
, χ3(3) = 1 −
√−3
2
,
χ3(4) = −1 +
√−3
2
, χ3(5) = 1 +
√−3
2
, and χ3(6) = −1 .
Namely, χ3 = χ¯2. Then we have
C
(
p
q
, 7, b
)
= − 1
6q
√−1π
(
χ¯1(bp)τ¯ (χ1) + 2
√−1
(
χ¯2(bp)τ¯ (χ2)
∑6
ν=1 νχ2(ν)∑6
ν=1 νχ¯2(ν)
))
.
Here we notice that
τ (χ1) =
√−1√7 ,
τ (χ2) = −
√
3
(
sin
4π
7
+ sin 6π
7
)
+ 2√−1
(
sin
2π
7
− 1
2
sin
4π
7
+ 1
2
sin
6π
7
)
and
6∑
ν=1
νχ2(ν) = −4 − 2
√−3 .
Consequently, we get
C
(
p
q
, 7, b
)
= 1
6qπ
(
χ¯1(bp)
√
7 + 2
(
χ¯2(bp)
(√
3
(
sin
4π
7
+ sin 6π
7
)
+ √−1
(
2 sin
2π
7
− sin 4π
7
+ sin 6π
7
))
1 + 4√−3
7
))
.
Combining this with Example 1-(ii) and Example 2, we get the following result. For any
reduced fraction 0 < p
q
≤ 1 and for b = 1, 2, 3, 4, 5, 6 and 7, we have
lim
Q→∞
1
Q
( A(Q)∑
i=1,fi= aiqi ∈FQ
fi≤ pq ,qi≡b (mod 7)
1 − p
q
A(7, b,Q)
)
=
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
0 if 7 | q or b = 7
1
qπ
(− 1√
7
+ 5 sin ( 2π7 )+ 8 sin ( 4π7 )) if 7 | q and bp ≡ 1 (mod 7)
1
3qπ
( 3√
7
+ 3 sin ( 2π7 )− 5 sin ( 4π7 )) if 7 | q and bp ≡ 2 (mod 7)
1
qπ
(− 3√
7
+ 8 sin ( 2π7 )+ 3 sin ( 4π7 )) if 7 | q and bp ≡ 3 (mod 7)
− 1
qπ
(− 3√
7
+ 8 sin ( 2π7 )+ 3 sin ( 4π7 )) if 7 | q and bp ≡ 4 (mod 7)
− 13qπ
( 3√
7
+ 3 sin ( 2π7 )− 5 sin ( 4π7 )) if 7 | q and bp ≡ 5 (mod 7)
− 1
qπ
(− 1√
7
+ 5 sin ( 2π7 )+ 8 sin ( 4π7 )) if 7 | q and bp ≡ 6 (mod 7) .
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